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veting occlpies a central plé%e in democratic thepry -
and practice: it is the process by which a society con-
. sisting of individuals with disparate preferences decides . o
s on onme course of action. Yet voting is not a,simple pro-
‘!: cess, and even the earliest analytical work on the theory
of voting, by Jean-Charles de Bordd and the Marquis “de
Condorcet in the late eighteenth centdry, quickly revealed
that seemingly straightforward voting methods could-hide
surprising logical subtleties. In the nineteenth century
these subtleties wére further gxplored by the mdithematician

v

+»

*C.L. Dodgson, whose appreciation of paradox is also evident

. in his liﬁérary wark under the pseudonym'of Lewis® Carroll, -
. However, the flowering uf the analyticél.theory of voting” ,
- “is a development of this century, beginning in the 1950's *
) with a serids-of "influential Works by Kenneth Arrow, Lioyd -
- ® . Shapley’and Martin.Shubik,, Duntan Black, and Robin

Farquharson. In the Ilast twenty-five years, political

scientists, economists and mathematicians have Built upon

" these foundations an impressive body of jigdeas knowhlas -
. social choice ﬁheory, or the theory of public choices, My

~N * goal in this monograph is to explore some aspects of .£his )
\theory which appeal to my aesthetic sense as a mathemaﬁij

cian, and which also have the potential to ‘be uselul, in the

practical design of decisiqn making procedures. S

Chapter “One deals with the problem of measurin

in a voting body which must make a series of yes-or-n

decisions, In the design of sucﬁ'@ body, many differekt:

. * interests may have to be represented, possibly to varyihg

degrees. One way to do this is teo assign representative - %

pover -

of dgfférent interests differeqt numbers of votes. Alter-
atively, in a ont-person-one-vote body, voting blocs may
[ -
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emerge which effectively give different interests different
numbers of votes. To study the equity of such a body, we
need a way to measure the effective voting power of differ-
ent interests, and analysis reveals that the relationship
of power to humber 'of votes is a subtle one.. The chapter
develops a measure offkoting power due to Shapley and
shublk and applies it not only to welghted voting bodies,
bBut to voting bodies with commlttees, and to decision-

‘maklng procedures which involve fwo or more voting bodies.

~N
- lowing vqte
-over ek‘dq““

'
& . M

~

thapter ™o discusses voting methods which can be used
when decisions must be made among more than two alterna-
tives. 1In such a,casg, "parliamentary procedures” can re-
duce the multi-alternative choice' to a sequence of yesror—‘
no choices, but such a reduction is subject to a number of
logical problems. The chapter/presents eight other common
voting methods, including plu llty voting, elimination
procedayes, the Borda count, "and various "Condorcet voting
methods." These gnethods are evaluated accordlng to a
collectipn of reasonable criteria (one might th1nk of -them
as axioms) whlch an. }deal voting method mlghtvSatley.
Although no method is uniguely best, some methods do appear
to be superior to others. « ¢ T
.. €hapter. Three discusses two recent approaches to al-
rE to record the intensity of their preferences
lkctlon of alternaxlves. One vely simple method
, vhich allows_ voters‘to vote for as many
as they "approve of." An optlmal strategy un-

1s
all

rnat ve‘
der Such a system, at least in ignorance of <how, other vo-

ters feel,. is to vote for those alternatzves Wthh are

abpve average, accord;ng to your preference ‘intensities. A
second method of obtaining uqter 1ntens1t1es‘1s to allow
voters, to place numerical bids on alternatlves. Here the .
main problem is how to encourade honesty in the plaeing of
bids, and the chapter d1scusses a very recently developed
process Wthh does this™ This "preference revealing
process 1s close®y connected to both auctioniny hy sealed
bids:, and thé’free rider problem in welfare economics.

I should say a word about the I of *mathematics in
this monograph. The mathematical prerequl ttes are mini-
mal——some Enowledge of permutations and comblsatio and a
bit of algebra in Chapter One, and only the ability to
follow a logical argument in Chapters Two and Three.
believe theSe ideas sho be interesting to social sgien-
tists as well/as mathematicians, and I have tried to make
them acces le to as large' dn audience as poss1ble...How-
here are no:férmulas,ln Chapters Two and Three,
think that there is much which 4s rpcognizable as a mathe=w
matical way of thinking. 1In particular, a mathematician

Iy
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!
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should feel very at home with,the axiom-counterexample
method of Chapter:Two. 1In many areas of social science,- it
may be that mathematics can contribute more by its method
of thought than by the appllcatlon of any spec1f1c mathe-
matical technjqie.
It is possible, of course, to treat all of the sub- .

’ jects in-‘the monograph using more formal mathematical
techniques, and much of the research litefatire does this.
For the reader with more mathematical background, 1 wduld
r eCommend d01ng the problems at the end of each chapter, ‘
and then follow1ng the b1b110graph1c notes to more advanced
. work in tqc references. I ‘hope that all readers w111 find’
o . some of ‘th problems yinteresting, -and some of. the refer-

ences worth pursuing, Solutions for most of the problems .
“ appear‘at the end of thegmonograph. . »

»

= Some of the examples in the text involve dec151on -
making in an environmental context. This reflects the his-

-+ storical genesis of the monograph. Most. of it was written
,while I was visiting in the eraytmeﬂt of Environmental
Engineering Sciences at the Uhiversjity of Florida, on a
Rockefeller Foundatlon Environmental Fellowship. 1In deal-
1ng with environmental problems, it has become\lnc;ea51ng-
ly evident that technical engineering knowledge has to be
supplemented by a good deal of flexibility in soliciting
and using information about public preferences and values, .,
Hence environmental engineers have an interest in the

“\\ recent work in social choice theory. Dr., James Heaney and
the students in his seminar on "Politjcal Analysis" at the r
. University of Florida were the crltkcal first audience for
much of the material in this monograph, and made many
suggestlons for its improvement. An earlier version of the
monograph, under the title Im;u_d_us_tmn_tp__s_o_qml_cm -
ing, “was published by

- . the American Society of Civil Engineers as Technical

. Memorandum #36 in the Urban Water Resources Research . -
Program. I am grateful to %he ASCE-and to the series
editdr Murray McPherson for encouréglng me, to makeothe
material available to a W1der audience, s >

I also owe thanks to a number of other. people who r§i3~
and criticized part or all of the manuscript at various
tages--Steven Brams, 'Peter Flshburn, Jerry Gustafson,
G&muel Merrill, Kay Strangman, Nlcholas Tideman, Robert .

' Thrall, and Robert Weber--and to the staff at UMAP for

A ] thelr efficiency and’ cooperation.

-y

" H Philip D, straffiin Jr% . P L
. : Be101t Wiséonsin =’ : L : .
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1 Powerin Voting Bodies -
R

, -

<

. . - i ex
Social decisions are made by a variety of legislaiiye '
, bodies and elected or appointed commissions in which many
different interests are represented to varying degrees. 1In '

.- : analyiing or designing such. bodies, a fundamental question
which must be addressed'is: "How much power do gettain
.- .individuals or interests have in this body?" For instance,

if.we can answer this analytit question, we are at least in
. @ position to consider the-assqciated ethical question:
"Is this ameunt of power commensurate with the power that
those individuals or-interests ougaht to have?". ,
» Of course, thé word "power" as it is used in these
questions is a highly ambiguous term. There are many kinds
« Of power, and some og them, suéh as Zpe;suasive power," are
clearly unquantifiabie. What .analysts hgve been able to
quantify is a very abstract’form of xg;ing_ggxg;, which is,

’ roughly, the chance that a given individual's vote, or the
bloc 6f votes controlled by an interest group, will be cru-
cial to the decision voted by the body. In this chapter we
will describe the most well known measure of voting power, :
. QUe'to‘SHapley'anq Shubik [12]), &hd demonstrate several ’

possible uses for it. Clearly, a voting power measure will -
tell us only a little about a voting body. Interestingly,
though, the little it can tell us is just at the gight
. level of absgrdction to be useful to those who mUst design
\( a voting body.,.In addition, the Shapie}rShubik.measure of

“

voting power is based on a model of coalitign formation

which may make it'apblicable even to a body where few for-

‘mal votes are taken at all. . .
To "illastrate the reasoning behind shapléy and '

‘Shubik's voting power measure, consider a four-person com-
. L4 2

- - .
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mittee in whigh each member has bne vote. Call the members
of the committee A, B, C and D, and let A be the chairman.~
“The committee is faced with a series of motions or "bills,"
.on each of which the members will Vate "yes" og "no."
° since a 2-2 voting deadlock is possible;/~%t is agreed that
' the chairman A will be empowered to break ties. This tie-
. breaking rule obviously'gﬁves A more voting power than the
other committee members. Hew much more? . -
Shapley and Shubik consider the ptocegs of building
* coalitional support for a particular bill. The bill might
be most enthusiastically supported by, say, member B, se-

.

, cond most enthusi ﬁcally by D, next most-by A, and least
L “by C. Thus B would be Yirst to join a coalition in support
of the bill, followe D.: At"this point the ball would

,still lose, and in fact it will be able to win only if the
coalition can gain the suport of the next most enthusiastic
member A. Gaining*A's support may require.considerable’

+» modificatjon of the original bill, so that member A has
fonsiderable say over the form in which the bill will pass,
if it passes., A has the crucial power in this situation.

N In an abstract setting, we would not have a priori

. knowledge .about possiblékékders oficoalition formation. Eadl

Shqpley and Shubik hence propose that to measure abstract
voting power, we should"consider all~orders® equally likely.
For each order, one member will be pivotal in the sense ’
that A was above: the losing coalition will become’ winning
precisely whHen that. member joins it. The pivotal member

v holds the power. Hence, as our measure of a member's vo-
ting power we use the probability that that member will be
pivotal, assuming that all orders of coalition. formation
i;} equally likely.

For Qur four-person example, there are 4! = 4-3-2:1 ="

24 possible orders. The chairman A is pivotal &n 12 of the,
24 orders, while each of the other members is pivotal in ‘.
only 4 of the orders. I ‘have upderlined the:pivotal member
in each order: ’

ABCD  ADBC  BCAD .cABD  cpaB  ®BAC . .
ABDC ADCB BCDA CADB CDBA DBCA .
ACBD | BACD BDAC CBAD. DABC DCAB
ACDB BADC  BDCA CBDA DACB , DCBA

The §hg2léx:ShuDik_ggﬂex_inﬁlggﬁ of the members are thus 12
dut of 24 for A, 4 out of 24 for B, etc.: .

. » * .
‘ (12/24, 4/24, 4/24, 4/24) or (1/2, 1/6, 1/6, 1/6).°
A B -~ C D A" B Cc D

The chairman'é_tie-breaking abilit§ has given him threeqa
times as much power as each of Fhe other committee members.
. It is this kind of non-intunitive result which makes the

.
- i
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Shapley-Shubik index a_useful analytical tool. We would
only de81gn this’ klnd of voting rule for a committee if we
were wflllng to give the chairman that much power. 1In the

remaining sections of this chapter, we will see othet uses

of the Shapley-Shubik index.*

‘Although Shapley and Shubik presented their power in-
dex*in terms of the spe01flc model of coalition formation
glven abpve, it s remarkable that many other seemingly
different approaches’ to votlng power lead to exactly the
same* index. For instance, Shapley and ShuS*k“poxnted~out
in [12] that if _instead of’ Qaﬁggng_ggng; we consider
blocking power, i.e., coalitions forming fo defeat a bill,.

a model analogous to that above will lead us exactly to the
Shapley-Shubik index. (This follows immediately from the
fact that a member who is aspassing pivot in an order will .
be a blocking pivot in the rewerse order.) The index
measures blocklng power as well as passing power.‘

It is alsc' possible to derive the Shapley Shubik index
from-a voting model which makes no mention of coalition
formation at all. suppose that each bill which cames be-
fore our vaoting body has some g priori "acceptability *
level”"™p (0 £ p £ 1), which is the probability that any
given member 6f the body will vote for it. The p for an’
individual menber on some bills will be low, gnd on other
bills w111 be high. Assume that any value of p between 0
and 1 1s equally likely. Now, to measure the voting power
of a member we ask: "What fractlon of the time will his
vote be cruc1a1 to the outcome, 1n the sense that changing
his vote would change the, butcome’" It is proved in {15] .
that the answer to this questlon, under the accepbabil}ty .
level® assumption, is preC1se1y equal fo that member s )
Shapley,shublk index.*

The fact that the shapley—Shublk index appeafs at the
end of so many dlsparate chains of reasonlnq is strong
evidence that it is & natural measure of voting pover.

Since its appearance in 1954, it has been w1de1y accepted‘
and, applied by politjcal scientists. The bibliographie
notes at the end of thlS chapter give references to dis-

"“cussions of the Shapley-Shublk index, and to its only ma- /

jor competltor, anothé? power index due to John Banzhaf
ry. *- . .- ,

. o e v

Al *The shapley-Shgbxk ingex can also Qe justified as the spe-

cialization to voting games of the classxca\l Shapley value, a
well-known solution concept from the mathemat:xcal theory of n- ’
person cooperative game$.- As-such, it can be haracterized as 4
the only measure of. voting power which satxsfie%\a:o:ertam col~y /
lection of’simple axioms.. The axiomatic approach the shapley

value is discussed critically in Chapter 11 of [9].\ The result

of s_peciallizing the axioms to voting games is reviewed in;‘Section
3.1 of [13 . - v
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v Counc11 of Ministers of the Edropedgn Communlty, the repre-~-,,

) Netherlands, Denmark, Ireland and [Luxenbourg. Corporate
. stockholders' votes are weighted py the amounﬁ of stock

A they owh. In the German Genosse schaften (river basin
wateg quality management agencies) voting weight 'is often
-apportioned among 1ndustr1es and mun01pa11t1es according to

\ the amount oflpollurlon each contributes,- (Sée {71 for an
analysis of this seémingly’perverse voting system.)
- - Formally, a‘weighted .voting body can be represented by
- a symbol - . ° : ’

[3

{q 7.W1;~W21 vees Wn] ,

Here, W+ through Vn aré the votlng welghts (numbers of |

Yotes) of the n members of.the .body, and q 'is the " "quota"

of votes necessary to pass a motion. (We require. that g be

larger thah (w; + ... + w n)/2s) For exafiple, the welght-

ings of the six members'of the Council-of Ministers of the

5 European Bconomlc Communlty as it was in 1958 could bé re-
© Presented by the symbol -

(2 ;: 4,4, 4, 2, 2, 17. < "‘
’-‘FGIBNL
France, Germany and Ttaly had four votes each, Belglum and
the Nethenlaﬁds two votes each, and Luxembourg a single
-vote‘ w1th 12 of the ‘17, votes being necessary to pass a
motion,.. (These flgures are,frOM'[3], p. 184.)

) Shapley=shubik power ana1y51s can - reveal surprlslng

. propertzes of welghteé voting bodies. For 1nstance, let us
‘consider +the 1958 European Economlc Community. The theory
of permutatlons tells us that there are 61/(312411) = 60-

’ d1st1nct ‘orflers in whlch we can arrange the numbers 4, 4,

<47 2,.2,'1.. Of these” 60 orders, it turns opt that a "4"
qccuples the p1vota1 posltipn in 42 orders, a "2" occupies
the plvotal position in 18 orders; and the "1" never. occu-
pies the pivotal position. The Shagley-Shublk 1ndlc5s for -

the membe:s were . . .
. . (14/60;.14/60, 14/60, 9/60, 5/60, 0).. 7 L

© PTG b B N L I S
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Thus, the voting power of the members was definitely pot in .
pr0portion to their numbers of votes {

#

} . of Votes * of Power P
_ France, Germany or Italy 23.5%¢ 23.3% 7 -
) 'y, Bélgium or Netherlands, = 11.8% -15.0% .
Luxembourg . s, 9% 4 0.0%

- +
Belgium and the Nebherlands had more power than their num-
ber of votes would indicate, and Luxembourg had .no power at
all in this voting body. »
It is é%sy to see why Luxemboyrg has no power. it can

. never be pivotal because it can never cﬁange a losing co-

" alition into a winning coalitfon. For it to dp so, ‘there - T
would have to be some coalition not including Luxembourg
with exactly 11 votes, but all coalitions not including
Luxembourg have an even number of votgs. Since any coali-

v “tion which would lose without Luxemboutg wollld also lose
ith Luxembourg, no coalition cares whether it includes
<‘2hxembourg,or not. In the language of the theory of “"voting ' -
games," Luxembourg is a "dummy." Analysis using the
Shapléy-Shubik power index can reveal the presence of
dummies--surely an ineguitable feature in a votlng body.
. ‘Even if: there are no dummles, the distributior of
power may be much different than the dlstrlbutlon of «otes. A
. Consider for example: s

t

[5‘;2’2’ 1, ll . , Y
A B C D .

There are six possible orders: L -
2211 2121 2112 1221 1232 1122, .
and a "2" pivots in five of them. The power indices are:
(s/12, 5/12, 1/12, 1/12).
& and B have only twicé the number of votes of C and D, but .
five times the amount of Power. If we need to design a :
weighted voting body, we can use the Shapley~Shubik index
to avoid such non-obvious inequities in the distribution of -
power. For county governments in New York, the courts have .
yuled that any proposed wéighted voting scheme must be ac- &
compahied by a power analysis, and that the proportion of '
_bower -of a representdtive should not differ from the pro- o
,portion of the population he represents by more than about
. 7%. (See [5] and [6] for details.)
. Table 1.1 lists the Shapley-Shubik power indices for
all gtructurally distinct weighted voting bodies with four
. or fewer voters. By "structurally distinct? I mean the
- fellowing. Consider the weighted voting body .

. \

.
. e
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<, (‘[‘6 i 4, 3, 21'1_11
fadd A B C D » . s M
L ’ ’

- a9 -
5

whiéh'is not in the list. The winning coalitions in this® -
"body are AB,.-AC, BCD and all coalltlons whlcb include pné
. of these (aBC, ABD, acp and ABCD) AB, aAC, and BCD are T
.- called the m1nimgl_x;nn;ng_gggl;;igng of the voting body. m‘
Any votnng body which -has these same minimal winning coali- |
- e * tions will have the same p1vota1 members for all orderings
. and hence the same dlstrlbutlon of power.. We say'two:
. vobang bodies with the same minimal w1nn1ng coalitions a:e
T structurally equivalent. For instance, any four-person .
votlng body with.adummy is®structurally equivalent to a :
: th:ee person votxng body. Looking down the list of combln- |
ations in Table 1.1 for minimal w1nn1ng coalltlons AB, ac i
and BCD, we see that [6; 4, 3,72, 11 would, be structurally
equ1va1ent ‘to 15; 3, 2, 2, 1], and hence has Shqpley—Shublk ‘
* ihdices of {5/12, 3/12, 3/12, 1/12). . . “l

)

. Finally, notice that a voting rule Nhich dees uot .
. explicitly mention voting wefghts may stlll‘be structurally
* 7 equivalent to weighted voting. ‘For instance, in our first

' example of a four- penson committee with a tle-b:eaklng

chairman (pagé ‘2)ethe minimal winning coalitions are AB,

AC, AD and BCD., From Table 1.1 we see that this' voting °

., body is _sttucturally equ1va}ent to the yg;gh;gg voting body R

[3, 2 1,1, 1].

* .- ® - ¢ T
. ' ’ TABLE 1.1 ) L '
. . e L . . .
. , SHAPLEY-SHUBIK INDICES OF WEIGHTED VOTING T
* . " BODIES WITH FOURTOR PEWER VOTERS U .
- N |
. Minimal - ) Sample Weighted ’ '
- Winning Coalitions Vbting'Body Shapley-Shubik Indices ~ |
. A - (1: 1] Cw. .o
’ aB . (2: 1,11 | (2, 1/2r ) >
-, ABaAC B, (20 1,1, (1/3,1/3, 1/3) - _ ..
ABC . 32 141,11 C /3, 1/3, 1/3) ,
. AB( AC [3: 2,1, 1] (4/61\1/61 1/6)
. - ABC, ABD, ACD, BCD (3; 1, 1, 1, 1] (1/4, 1/4,-1/4, 1/4)
. ABCD ©o[4:1,1,1, 1) /4, 1/4, 14, 1/8) S
S AB, AC, AD, BCD (3;: 2,1,1,1) (3/5‘1.1/61 1/6, 1/6) PO *
ABC, ABD, ACD (4 2, 1,1, 1] (3/6, 1/6, 1/6, 1/6) -  ~
. & M8, .G, A . (4 3,1, 1, 11 (912, 1712, 1/12, 1/12)
. L AB, ACD,.¢B® . (4; 2, 2,1, 1) (2/6, 2/6, 1/6, 1/6)
o < ABC, "ABD . 18302, 1, 15 19 (3/12, 5/12, 1/12, 1/12)
’ » BB, ACD (5: 3, 2, 1, 1] (1212, 3/12, 1/12, 1/12}
s BB, AC,” BCD (5: 3, 2, 2, 13 (5/12, 3/12, /12, 1/12)
k ;}' LN .
‘ . » - . L
. . '.&\ . -
. ‘i ¥ »
o T L ’
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. members are dumpies.

Even in-voting bodies where every member- casts only a
le vote,'some members with common interests may vote
todether-~they may form a voting blogc. If this happens, it

wWill affect the distribution of power in the votihg body.
In fact, one can analyze a voting body with blocs as though
it were a we1ghted otlng body. For. instance, in a seven
person committee that is vot1ng by majority rule, suppose
that three voters form a voting bloc. The result can be
thought of as the welghted voting ‘body (47 3 1,1,1, 1] o
which ‘would have power indites (6/10, 1/10, 1/10 1/10,

1/10), The three-person bloc thus has 60% of the power.

If four voters form a bloc, the resuls is [4; 4, 1, 1, 1§

in which the bloc has Qk% the power and the other three.

As this example makes-clear, a single voting bloc in

.an Qtherwise heterogeneous voting body can have a dispro-

port;onate amount of power. . For an example, consider the

North Central Florlda Regional Plannlng Council. North

Central Florida is largely rural and the only maJor city is

the university city of Gainesville, which contains about

22% of the population of the planning area. There are 36 ‘
members on the .planping council, representinq both counties

and municipalities. Ga¥nesv111e is'represented directly by

.8 representatives, ‘and 1nd1tect1y by another 5 representa-

tives from Alachua County who reside in Gainesville. It

thus hgs as many as 13/36 = 36% of the votes on the coun— .
cil. No other county or mun1c1pa11ty has more than “‘two
repredentatives. Suppose that, at -least on some ¥ssues,

all 43 council representatives from Gainesville voted as a

bloc. We could represent the result as a weighted voting

body L .

” '} v 7 -
>

-
{19; 13,1, 1, 4., 1], 3 -
A Sl ) : L S
There are 24 dietinct orders, according as G is listed Lét,
2nd, ..., 24th. G will be pivotal\,gghen it is 7th through
19th, i.e, in 13 of the 24'3fgers. Hence the Gainesville
.bloc would have 13/24 = 54% of the voting power. L
. There is a #ple fermula £OTthe ~voting power of a

single voting bloc of size x in.a voting body of size.n -
with a winning quota q. First, define b = n - g +1 to be

the blocking quota, which is the number of vofes necessary
to keep a 'motion from passing. Then the R

- s 8 - AV“"H B
B nxs1 if x Kb

powef§of a'bl%f of size x = E:gif M bgxgq

P 1 if g £ x.

’
& °




. » combinations of e and i.

. * ° ‘ 's ’» rd ¢
) Eor the above Plor]da examplé n = 36, q-— 19, b = 18, -

=13< b, " Hence the poweryof the bloc is

NETERNE TR X ‘
36-13+4 24 S48, & - _
( s ve. found directly, above. T e N

Even more 1nteresting things can happen when two .
voting bIocs form w1th1§ a voting body. | Por 1nstance, v o
suppose that in an environmental commlsglon of 51§ef11,
voting by majority rule, there is an environmentalist bloc

LB of .size-e-and-an—industrialist bloc I of size’i. The

members of each ’'bloc Vvote together, ‘but the ‘two Hlocs are
not assumed to be necessarily’ opposed Table«1.2 -illus-
trates the results of a power analysis for three dlffezent

T .

TABLE 1.2 - ) .
P?WER OF TWO VOTING BLOCS IN AN 11-MEMBER VOTING BODY

-

Number ‘s of Vote & of &owar $ of Vote § of Power

. of Bloc Controlled -Held Controlled . Held .
Members by E by E . by I . by I :
& o N - .
) e=2,i=2 18.2 . 1l9.4 18.2 19.4 '
- . d=4,i=2 36.4 ° 47.6 ' 18,2 -14.3.
e=4,i—4" 36.4 *30.0 364 30.0

- <
Two small B}ocs can both galn power at the expense of other
voters. One 1arge bloc can gain power at the expense of a
smaller :bloc ana other voters. Finally, two large blocs
actually lggg power to theé other voters. One_  can see why -
this happens, for example, in :

-

6: 4,4,1,1,1]. N L
;Y BE.I ¢ -

. ~ L »

- -
In situations where E .and I are. opposed, the individual vo—
ters who ‘belong.to neither bloc hold the balance of power.
The formula for the power of a bloc of size x when
there are two blocs of siz€5 x and Y in a voting body of

*  size n and w1hning quotd q, is only a little sompllcated )
It.uses the notion of\"triangular numbers-'
, - ﬁi%ill ifao0 )
- T= . -
a 0 1fa<o.“ .

. \ N
¥, . .
* In terms of triangular numbers, the power of a bloc of
size x =

Ll




[ Tg-y * Tooy = Tqox-y = Toox-y  if x < b
. 2 Tq+ b-x-y
1 +.To-y = Tq-x-y ! if b<x<gq
. 4 2 2T bx-y L
11 ’ if g < x ~

Thus, the power of the bloc of size x depends not only on

X, but also on the size y of the other bloc, 1In the
example -abové,. when x = 4_and Yy=2, withq=6 = b, the
power of the bloc of sige 4 is
T2 * T6-2 = Tg-4-2 =~ Tg-4-2 _ T4 = Tp . :
- © 2 To46-4-2 Te* -
- ’ « ©_Y-0
21

= 0.476
as in Table 1.2. ° ;
- In the .coyrse of ‘designing a voting body, it may be §
w1Se to consider the effect which potential voting blocs !
could have on the'ﬁﬂstrlbutlon _of power. 'Such potent1a1
- voting blocs could arise in a varlety of ways: from geo-
graphical proxlmity, political, connections, common inter- :
ests as polluters, and other common economic or environ-
mental .interests., For instance, Edwin Haefele in [4] does
¢ .+ potential voting bloc analyses of .a proposed Potomac Basin
Commission,. the San Francisco Bay Comm1551op, a proposed
‘Pennsylvanja-New Jersey-Delaware air pollutlon agency, and
thE?MlnneapOIISﬁSt. Baul Metropolitan Council. He consid=
. ers'potential voting blocs arising both from political
) Jurlsdlctions and from common‘*interests, ' . Y

3

s« l.4_ Committees —~ .. &

.

3

:

¢ In a,vobing body'wiﬁh a large or technical agénda,
preliminary décisions are often referred to committees.
Even in less complicated bodies, a stééring ‘committee may)
set the agenda.before’' the main body meets. In such situa-
tions, a proposal may have to win the approVal of a maJor-.
ity of the committee before it can evén appear’ Jbefore the
main body. It must’ then also be approved by a maJorlty of
_.- -kthe-body: It 1s_EIEar\tha;\mem§ens of the committee have
more, power over issues on which they have. JUElSdlCtlon tban \
other, membexs of ‘the .voting body. How much more power do
L0 they have? R .
. . Consider a three -persdn commlttee in a nine-person
vot1ng body, wherle both the commlttee and the body -act by

"

' majority rule. Call the committee members A's and the .
/ " other members B's, so that(the body has membérs AAABBBBEB.
‘. " T .

. : 9 . ’ .

\)4 . " - ‘
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- To be approved, a proposal must have the support of at
. least f1ve members, ingluding at least two A.$( There are
0~ . * 9 ' _
B , [3] 3161, 7 84 =
posslble orders* 1# which we can arrange the 3 A's and 6
. B*s.. In how.many of these will a B pivot? In order to be \
. pivotal, a B must be preceded by exactly four letters,
{ including eitherr two A's or all three A's:

.

!
)

) (AABB) B (ABBB) [‘f,_] [f} = 64 = 24 ways
. or (AAAB) B (BEBB) [g] [g] = 41 = _4 ways
. ) ~ 28 ways- .

As illustrated above, the theory of combinations tells us
that these two possibilities can occur in exactly 28 ways.
Hence B's will pivet in 28 orders, and A's in the other
84 - 28 = 56 orders. \The power index of each A will be

. L.26 .2
. 3 8o

and the power index of each B\hi be

l.28 o _1. N
6 84 18 '

N v

Thus, any committee member is fou® times as powerful as any
non-committee member. When a committee structure is'being
chosen, or a body is turning over its agenda®to a steering
committee, this kind of power imbalance should be kept in
. " mind.
There is a simple formula for the fraction of power

held by thg menbers (in-toto) of a committee of odd size m

.in"a voting body of odd size n, when both the comm1ttee and
" the body act by majorlty rule, as in the example above:

the powet of a commxttee of size m is *

“ s

“
. .

u_no R ° . Y
2n

Thus the Shapley-Shubik index of each conmittee membeg is ¢

m 2n’

Te

*The symbol [g] is the combinatorial coeffieient which gives

the number of ways in which m positions can berchosen frg‘n among 4

n ni
-n positions. It is calculated by the ﬂomula n = Bl 7 ° .

0 19
B ) ' * ¢

A . . , aA e




¢ .
and/tﬁ/ Shapley—shublk index of each non—cbmmlttee member . -

‘is R P
- i "~
_l_ (I_Min) = _l
. - 2n ~
’ Finally, the ratio of the power of a commlttee member to
2 that of a non—commlttee member is . 3
' ‘ L i—n 1 = m_n = 1 + Do .
R m‘ 2n/ 2n m .
Thus, for the above example; the’inaices are 2/9 and 1/18
and-the ratio is 4. ' Taking another example, for a com-
mittee of sizem =5 in & votlng body of size n = 35, the
power of a committe%member is . L
. s .
- 4 Lo seast
70 70

the power of a non-committee member is 1/70 , and a commit-
tee member has !
1+38 -3 « - A
5 . . e
* .

times as much power as a non-committee member.

cisi d

In the United States Congrgss, a bill must be approved
by a majority of both the Senate and House of Representa-
tives. (It must also, of course, be approved by the
.President, or his veto must be over-ridden). A regional
water quality plan may have to be approved by each of )
several committees, commissions and agencies. When two or
more bodies must each approve a proposal for it to pass,
how is power distributed among the members of the different
bodies? e . 7
Consider a system in which a proposal must bé approved
by a majority of a three-person hody (call its members A's)
and.by a majorlty of a flve—person body (call its members
B's). What is the Shapley—Shublk index of an A in this
scheme? Looking at all the members together, the letters
AAABBBBB can be ordered in

o
N 8 = -B-L = 56
[3] 3151 ) . :

*

sdifferent ways. For an A to pivot, she must be the second
" A, and must be preceded by 3 or 4 or®5 B's: N

¢

‘ 4] (3 : £
«(ABBB) A (ABB) [1] [1]= 4.3 = 12 ways
‘or (ABBBB) A iABf [f] [f]= 52 =10 ways . “é

O - R ' . 4
EMC\ © o ' CL
o o] : . P . .
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= 4ér (ABBBBB) A A {g} [i]= 6+1 = _6_ways oL
‘ i 28 ways. .

F r

Thus, an A w111 pluot in 28 of the 56 orders and a B w111

pivot in the other 28. Pgwer is shared equally by the two
. bodles., Of coursg, because the first body is smaller, its

individual membe:s will have more power. The power index

of an Q is . . . . <
L.1_.1, ' .
3 2 6 T
while the power of & B is Yy N
. -
lL.1L_1.

5 -2 10 : - N

"1t ‘is not, hard to show~that this result continues to
hold when a proposal must be. approved by each of two* odd
sized. hodies actlng by maJorlty rule: the bodies will
share power equally. .What Yis interesting is the effect

- that changln the voting rule for one body can have.
SUppose, for instance, that our first body of A's decides
to require the vote of all three of its members for approv- .
al, + The number of,orders of A's and B's is still s6, but
an A will now pivot when she 1s the last A and is preceded
by 3 or 4 or 5 B'S:

N« . Y f
(AABBB) A BB E’] [g] = 10:1 =10 vays - ’ '
or (AABBEB) A B [g] [%,) =15.1 = 15 ways .=
Ve 7 '0 _ ) a * ,* .
or (AABBBBB) A 2] lo) = 21°1 = 21 ways
< - 46 ways. '

The A‘s\together will now have 46/56 or 82% Of the power.

The power 1ndex of an A will increase to -~ ‘
) L Y46._ . ) AR
3 56 0.274, ) .

"while that of a B will fall to .

L.10 . - -

-5 5 = 0.436. B -
The ratio of power between an and a B wif increase from
‘ U 221,67 to 2} = 7.67.

Vi 3

“In eneral, if one of two voting bodjes requires a

1arger majority to pass a proposal, that body will have .
more power. This effect should be considered when. a deci-
“51on must be approved by ‘several bodles 1n sequence.’ If a

. : . 12
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proposal requ1res unanimous® approval hy a plannlng body of
three, for 1nstance, and majority approval by an adv1%ory

committée of five, the planners will have 82% of the power,'

When three or more bodies operatlng by majority rule
must .approve a proposal, the strictly symmetrical dlstrl-
bution of pow r no longer holds: The smaller bodies w111'
have slightly/ mpre power. For example, - Shapley and Shubik
in their original article [JéLhconsidered the U.S.

legislative scheme, omitting the possibility of overridipg"

<3 Presidential véto, as a rule requiring‘majority approval
of a bill by each of three bodies, of sizes 1 (the

President), 101/ (the Senate) and 435 (the House). 1In this
g .

scheme the Pr sident holds one=- half the power, the Senate
slightly over one-quarter, qnd the Holuse slightly. under

one- quarter.
..+ PROBLEMS @ . ‘
(\ ¥4 \,, "
1) Verlfy the pébwer indices glven in Table 1.1 for
a) [5: 3, 2,1,1] -
. b) [5 H 3 2, 2 1] ' g

2) Verify' the power 1nd1ces for the 1958 European Counc11
of Mlnlsters given on page. 4. )

)

"3) To which welghted voting bodtes in Table 1 1 are the
follow;ng vot1ng bodies structurally equ1va1ent° What
are Eheir power indices?

a)- [17 3 11%.9, 8, 51’

by [17 ; 1, 9, 7, 6] . ’

c)» 18 ; 11, 9, 7, 6] .
a [19 : 11, 9, 7; 6] : . .

4) In a weighted votlng body with four members, is it

possible for all four members to have-different pover .

* indices?

5) Ver1fy directly that [4, 3 1, 1, 1, 1] has power
indices (.6, .1, .13 .1, .1) (page 71. 5

6)  Whaf is the percentage of voting power héld by a
51ngle bloc of size 10 in a voting bo
the number of Votes necessary to win i
a) 13 b) 15 c) 17 qd) 192

7) Verify the formula for the power of a single voting
bloc of size x in a body of siZe n with

q (page 7). (Hint: The body is”’ .

- h fqz,x, l,00.0 1] L. . '

n-x i
in which of the positions 1, 2,..., n - x +1 will x
be pivotal?)

= ‘ ..




8)

9) .Consider a voting bédy of size 40 with winning quota
21, *containing two veoting blocgs,ooné of size 14 and
What percentage of the power

will each of these two bldcks -have?

- 10)

Verify the figures in Table 1.2
4) directly from”fhe definitdion of

power .index )
b) using the formuld"

-

thg,other of size 11,

on page 9, °

_the Shapley-

Are these

Percentages highgr or lower than the'corresponding

percentagesqf the votes?
see [14T.) '~

- .

(For an application of this,

- =

. L4

. -

To see why Eriangular numbers come into the formulas

for

}wb voting blocs on page.9,-consider
“*110; 4, 2, lyeeey 11,
. y Nm———— ]

1

’,

XY .
e ////,,Theré”éte 13°12 = 2?12 possib1e4Q§derings, since both
x and y may take positions 1 tH}ough 13. RepreSeqtn
‘these Jrderings as lattice points-in the plane:

v .
'130"000'..- e o of o o

\’]_2...,. .

- ,. ‘ll‘ooooooo.oo o of

e

4
.
o o of o L]

- e * e 0

,‘
LN
[}
o
.
.
.
.
.
.
.

¢
posi,;ionofy
=N WS U oY
L ]

. .'.{ _
2 ° ¢ sfe o o oo P e e

345678 910111213 .
N . - . position of x

v

. d B 'S
I havé divided the pﬁints into regions. Label each
reéion by X, ¥, or 0 accorQing as x, y, or an other
voter is pivotal for the cdrresponding ordering. .
+ Check that the number of points ir the regions'labélgd
X is indeed (Tq-T,) + (T-T,). This kind of -diagram
8 47 | 6 "2
\ for the general case proves the farmulas on page 9,

-~

11) Calculate the power of an A and of a B in éﬁe-body
M . KAABB wharé a biil-must be approved by at least three
voters including at least two A's. Check that your
: figures agree®with the formulas on pages 10 and 11.
\ g

12) Suppose that in order to be approved by the U.S. House
of Representatives a bill must not only get a majority
af ~the 435 Representatives, but also a majority of a

8 ~4

i v ) - . ‘la'zzzg .

.Y
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. 31—member Rules Committee (to get on the floor). Wwhat
- is the ratio of power of a Rules Committee member to a
non-Committee member? How would this ratio change if
- the Rules Commlttee were enlarged to 45 members?

13) Verify tht'the total power of a committee of/ddd size
m in a voting body of odd size h (both operating by °
majority rule) is indeed (m+n)/2n (page 10). (Hint:
follow the reasoning on page 10 to show that total
number of orderings in which a "B" is pivotal 1is

2 RE 2 2 2 2 L [n-
Gl | med | Y |med| ez Yoo Y| 2m o 72|
. 2 2 2 2 2

. . where the equalf;y‘is by’ a’ combinatorial identity.)

14) Prove the combinatorial identity in 13) by considerinhg
. .the coeff1c1ent of xm 1n the 1dent1ty

N = f
(1'+x) 2 (1 +3x)2%2 =@ +xn1,

,15i Verify that when a bill must be approvéd by each of

’ . two edd size bodies acting bw majority rule, the
bodies share power equally (page 12) ., (Hint: for
each combined ordering, consider the corresbonding

Xeversed ordering.)

16) 1If a bill must be approved by at least 2 of 3 A's and
at least 4 of 5 BYs, 'What percentage of the power is
, + ‘held by the A's? What is the ratio of. the power of an
i A to thé power of a B? *
17) Suppose that a b111 mist be appnoved by a president
' (P), a magorlty 6f a three-member Senate (ssS) and a.
majority of a five-member House (HHHHHl Calculate
the power of P, of ah §, and of an H. (This calcula-
tion is done in [12].) - e Y )
rd
- ] BIBLIOGRAPHIC NOTES

N

. <

- In this chypter, we have emphasized the Shaplej?shublk
power index as the most w1dely ‘accepted measure of Jvoting
- power. Surveys of this index and some of itg-uses.in

political contexts appear in [10] and [11]%. An example of
the power of voting blocs appears in [14] ! ‘Sample uses in
environmental contFxts :;3 be found in [4]. "t
The only major compéEitor®ef the Shapley-Shubik index
* s a voting power index due to John Banzhaf in [1]. (This
is the index used in New York cou:t cases.) The Shapley-
Shubik and B#&ghaf indiCes are dlSCUSSGd and compared in

~

0. .. 15 ,
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! (21, 8], [13] and [15]. Included in.[8) is a survey of -
\er methods for computing the indices for larger votLﬁg bodies,
. *and many gxamples of weighted voting bodies. ' An elementary
discuSsion of evaluatihg the Shapley-Shubik index as an
4 integral appears in [16].

In 1nterpret1ng some of this llterature, the following °

definitions and termirology may be helpful. An p-person
cooperative dame is a set N of n players, together yith a

' spec1f1cat10n of the payoff v{S) which each coalition S N

. can obtain for its members. A simple game is an n- person

. cooperative game in which the value of each coalltﬁpn is
elther 1 (the coalition is winning) or 0 (the coalition is
lgﬁlng) A Qx]&gx simplé game is one in yhlch there are
not two disjoint winning cocalitions., * The "voting games™ we

¢ have been qonsidering are proper simple games. R
. r . s ¢
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2" VotingMethods for More
than Two Alternatives

In discussing voting pgwer in Chapter One, we were
looking only at the case where dec1sions were being made
between two alt&rnatives: . a motion' on the floor was to be
voted on by a 'yes' ®r a 'no ' In most decision situa-
+tions, the ultimate glecision to be made is® among more- than
two .alternatives. Probably the most common way of making

" such a deciS1on .among multiple alternatlves is to use a
parllamentazy procedure' to reduce the decision to a se~
guence of pairwise decisions. Then for pairwise decisions
the power index considerations of Chapter One can tell us
how influence is apportjoned. S -

Unfortunately, reducing a dec151on~among mpltiple
alternatives to a sequence of pairwise decisions can have
bizarte effects. Consider a cage in which three voters
must choose- among four alternatives a, b, ¢ and d, and sup~
pose the voters have preferences among the alternatives as
follows:

:

b~
d
c
a

Thus, the};}rst voter has alternative a as his first
cpo' , b s his setond choice, down to c as his last .
Consider .the result of sequential voting by ma-
. EY rule, and supposge that the voters vote according to
the above preferences, Suppose alternative a is first .
paired againgklb: the firet and,second voters will choose




" vin, by a 2-to-l vote.

- ~

a and the third w111 choose b, and a will win by a 2-to-1
vote. Then if alternative a is paired against c, c will
Finally, when alternative c is
paired against &, d.will win, again by a 2-to-l vote.

seguence can be shown as v

a\ c\ d\
> 2 — > C - pd

Hence, alternative @ is chosen, in spite of the fact that
if we look back at the preferenceslists, we can see that d
seems to have‘little in its favor, and iQ&fact the voters
are unanimous in preferring b tb d. Sequential pairwise
voting can choose clearly undesirable alternatives,
Sequential voting is & highly sensitive to the
‘agenda' - the order in which alternatives are introduced,
Consider the same voters with the same preferences, but

The

(Agenda i)

<

“with three alternative agendas:

-

\b\ a’\ d\- .
‘ (Agenda ii)
(o} —» b » a —— P a

\\\
\\\

—» C

(Agenda iii)

~

(Agenda iv)

-~

-

Hence, in this example any one of the four alternatives can
be chosen, depending on the order in which the alternativeg
are brought up for a vote. Chance, or sophisticated manip-
ulation of the agenda, can have as much to do with the out-
come as the preferences of the voters. With regard to ma-
nipulating the agendqh Duncan Black [2] has given one rule
of thumb: the later you bring up your ?avored alternative,
the better chance it has of winning. The 1dea is that if

" there are other alterqgtlves which might beat yours,,those

O

ERIC

Aruitoxt provided by Eric
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others might themselves be beaten earlier in the voting.

Wheh many voters reason this way, conflict over the agenda/

can replace substantive conflﬁgt over the alternatives.
A third effect of sequentlal pairwise wvoting has been
carefully analyzed In a classic monograph by Robin

‘.




* Farquharson [7]. Con51der Agenda ii, which chose alterna-
tive a.’ Alternative a is the last'“hqgfe of our third vo-
‘ter, and she midht well ask’if there i any way she gcould
do better. There is, indeed. On the first vote in Agenda
ii, our third voter helped alterndtive b o overcome alter-
native’ c.© Suppose she had voted insincerely for ¢ in the

first vote jnstead of her true preference for b. The result
would .have, been = . . v

b = a - p . (Agenda ii,
e 5 \ third voter
L ' insincere).

cC—————» . —» o= -» 3

Our third voter has thus achieved her second choice instead
%0of her last choice by this judicious bit of insincerity,
and in the process has produced a rather undesirable social

,outcome. Sequentlal pa1rw1se voting invites voters to

: thlnk strategically and vote 1n51ncere1y. .
" Given that sequential pairwise voting is unattractive
, ¥n these klnds of ways, much attention has beeh given to,

. analyzing and designing other voting rules for choosing
among three or more alternatives, 1In this Ghapter we will
look at, & number of these rules and evaluate some of their
strengths and weaknesses.- The apprQach for evaluation w111

e be to write down precisely a number of criteria which rea-

sonablesvoting tules might be expected to satisfy, and in-

vestigate which' voting rules satisfy which criteria. For
instance, we have already seen one such criterion in our
dfscussion of sequential pairwise voting. It is classical-
ly associated with the Italian economist Vilfredo Pareto

(1848-1923) ¢ . o v

3

N

s , ; 2 :
Pareto Criterijon: If gvery voter prefers an alternative
X to an alternatlve Y,. a voting rule should not

produce Yy as a winner,
A

— .Sequentlal palrwise voting violates this criterion.

: This 'akiomatic' approach to the study of voting rules
was pioneered by Kenneth Arrow [1], and the-results of his
and later analyses were both: emightening and discouraging:
it' is quite easy to write down a short list of reasonable-’
soundlng criteria, and prove that no votjng rule can satis-
fy all of them. Recent’ surveys of this kind of work can be
found in (9], (16], [19],.[22] and [23]. Hence, we cannot
eXpect to find a perfect way oﬁ making deC151ons among
thTee or more alternatives. Stlll, ‘even in an 1mperfect

ot
T

-

to find some of the better ones.

-
8
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. world some methods may be better than others. We will t;X—-‘s\ .
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After sequential pairwise_voting, plurality voting is

' ,operhape the most widely used votind’ rule. Each woter votes

[y

O
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with b beating a by G:to;3, b beating c by 5-to-4, and a’

for one alternative, and the alternative with the largest
number of votes wins. Plurality voting‘eliminates the
agenda effect of sequential pairwise voting, and satisfies
the Pareto criterion. . However, it has long been noted by _
political analysts that plurality voting has its own :
faults. The following example illustrates two of thenm.. *

- Consider a case in which 9 voters must choose from among
three alternatives, a, b and c, and suppose that the voters
have preferences among the alternatives as follows:

a b- c .
- {9 Voters) b ¢ a b .
c c a s

One ‘notable political example of this kind of situation was
‘the 1970 New York Senatorial nate between liberal Democrat
Richard ottinger (a), giberal Republican Charles Goodell
(b), and Conservative James Buckley (c). Under plurality-
voting, alternative c wins with 4 ﬁlrst -choice votes, as
Buckley won the Senatorial race. The possible 1nequ1ty of
this Tesult comes from the fact that a.5-to-4 majority of _
voters rank ¢ last, and would have preferred~gi;ﬁg; of the
other alternatives to c¢. 1In fact, if the voters had been
asked to make pairwise decisions, one could picture ﬁhe .
results as follows:

beating ¢ by 5-to-4. Alternative b, which came in last 4n
the plurality vote, would thus have beaten either of the -~
other alternatives ih pairwise contests. According.to a

criterion advanced by the Marquis de Condorget as early as
1785, b should have been the winner. This is the™ o

ion: If there is an alternatjve
x which could obtain a majority of votes in
pairwise €ontests against every other alter-
native, a voting rule should choose x as the
R winner. .. A

- . -
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The alternative x of this criterion, if it exists, is

unique and is called. the Condorcet winner.” Often there 1s

no Condorcet winner. There is none in Example 1 at the

beglnnlng of this chapter, for instance, where e pattern
% . of palrwlse majority wins is’ _ . <$Fh

"

> b

and every a1¢ernat1ve loses a pairwise contest to some
other alternatlve. The Condorcet criterion simply says
that if there is a Condorcet winner, a voting rule shonld
choose it,;

_olr first observatlon,about Example 2 leads to a kind
,of reverse Condorcet cr1ter10n, termed the

H

Qgngg;ggt_nggj_gji;gxign: If an alternative y would lose

in pairwise majority contests against every other
alternat;ve, a voting rule should not choose v as
a w1nner. .

- Example 2 shéws thats plurality voting violates both of
these Condorcet criteria, In addition, it is clear that
when there are many alternatives, plurality voting can pro-

duce an extremely weak mandate, Consxder, for instance:
»

v ) 2 3 4
Efanple 3 ;
(17 voters)

-

\Here alternative a is the plural;ty winner, although 12 of
the 17 voters rank it last. Alternative b comes in last
under plurality voting, in spite of the fact that it jis
‘everyone' s first or -second choice, and is the Condorcet
wrgner. In using only first place preferences, plurallty

. voting doés not take into account an equxtable amount of

" information abouyt,the preferencges of voters.
- A common attempt to overcome these deficiencies is té
. , combine plurality voting with a run-off between the top two
"‘ vote-§etters, if no alternatlve receives a majority of
votes on the firgt ballot.j This may not be much of an im—
provement: it'would produce alternative e as the winner in

“

Aruitoxt provided by Eic:
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Example 3. Since aléqrnative b is the Condorcet winner ir
Example 3, we see that plurality voting with a run-off
still does not satlsfy the Condorget winner criterion. It
does, however, satlsfy the Condorcet loder criterion: the
ultimate winner must win at least the. pairwise contest of
the run-off, and hence cannot lose all pairwise contests.

Unfqrtghately, this modest gain is effected &t the
cost of introducing a serteus, perverse phenomenon. Con-
sider the fSilowing: . )

~

o 6° 5 4 2 1

4yoters Voters Voters Voters
Example 4 a c b b
(17 Voters) b a c a
< c b a c

In the plurality contest, alternatives a.and b are the top
vote-getters, and a beats b in the run-off by a vote of 11- °
to-6 and, hence, a wins. Now suppose that the-last two vo-
ters change their minds j i so that
they now have preference orderings of abc.
election would now have alternatives a and c as the top
vote-getters, and c would beat & in the run-off by a vote
of 9~-to-8. Hence, two voters deciding. that they like al—
ternatlve a better produces a win for c. In a recent artl-
cle about this phenomenon, Doron and Kronick imagine a news
announcement: "Candidate ¢ won_ today, but if can¥lidate a
had received fewer first place-votes, he would have won"

{ {6]. The fol¥owing criterion says that we should not allow

this kind of perverse reaction in a voting rule --

Mgng;gnigi;y_ﬁ;i;g;ign: If x is a winner under a voting -
' rule, and one.or more-voters change their prefer-
ences in a way favorable to x (without changing;
the order in which they prefer any other alterna-
. tives), then x should still be a winner. {

Stralght plurallty voting satisfies the Monoton1c1ty condl-
tion, but plurallty with a run-off violates it. -

Finally, it is well known that plurality voting, w;th
or w1thout a run-off, often places voters in a strategic -
dilemma by tempting them to vote insincerely. 1If your fa- '
Vored alternative seems to have llttle chance of winnjng, !
or of’%lac1ng in the top two,, perhag§ you should vote for a
4esé favored athrnatlve which does‘have a chance of win-

‘ning. Thus in Example 2, Goodell\voters were urged to sup-
port Ottinger in, order to keep Buckley from winning. 1In
‘Example’ 3, supporters of alterhatives ¢ and d}would have
been tempted’'to vote for b, thus possibly obtaining their
second choice instead of their last cheice.

1
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A number of voting procedures have been broposed which
involve sequentially liyinaﬁing 'undesirable’ alternatives
until one alternativeé is able ‘to obtain a majority of first
place votes, The most widely used such procedhre was popu-
larized by Thomas Hare (see [6]). Hare's procedure was' de-
signed for the case in which a specified number m of alter-
natives i§ to be chosen from a collection of n alterna-
tives. The general procedure is complicated, but when m = -
1l it reduces to the following. Eachivdter writes down his
or.her pieference ordering of the'n alterpatives, and an

" alternative is declared the winner if a majority of voters
rank it first. If no alternative i$§ ranked first by a ma-
jority of the voters, the a}ternative(s) with the smallest
number of first place votes is (are) .crossed out from all
preference orderings, and first place votes are counted
again. This is continued until a winner is selected,., For
instance, in Example’ 3, alternative b is eliminated first,
yvielding reduced preference orde}ingSv

v

Since no alternative yet has a majority of first place
votes, we continue and eliminate g, Yielding

5 Voters ' 2 Voters 3 Voters 4 Voters
a C [} e

C e e C

e a a a

.

There is still no ma ty winner, and alternative e is
crossed off. Alterdgtive c is then declared the winner.

If we r§call that alternative b was the Condorcet win-
ner in this example, we see that the Hare system does not
satisfy the Condorcet winner criterion; in fact, the
Condorcet winnmer was the first alternative to be elimina-
ted. Example 4 shows that the Hare system also does not
satisfy the Monotonicity‘criterions
, An interesting elimination proced?re, perhaps speci-{
fically applicable to the kinds of questions which arise in
environmental planning, was first proposed by the psych- .
ologist €Clyde Coombs [4]. Coombs argued thaf when we are
seeking a kind of compromise solution which Will not elicit
violent opposition, we should eliminate first not the al-
ternative with the smallest number of first §1ace votes,
but the alternative with the largest number of last place
votes. Again, “the procedure is to -stop when-one alterna-

-
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“tive commands majority sdgport. Under the Coombs proce-
dure, in Example 3-alternative a would be the first to be
eliminated, leaving: - »

mmmmﬁmm

2

b b c d e
c c ) b ) b ‘b ‘
¢] d . @ c +C
e . e e e 4
No alternative yet has a majority of first place votes, so -
. e is eliminated, leaving:
uo_tﬂs 2.1&;&13 3 Voters 14Lo_Lex§ Llo_tm
c
¢ c ¢ c B‘ b c
d d d * c a '
‘Alternative b, with 11 first. place votes, is now declared
. the winner. . 3 M '
Hence, in this example, the Coombs procedure does
“ choose the Condorcet wWinner. We will see in the next sec-
tion some data which indicate that the Coombs procedure is
in general more likely to choose a Condorcet wiqper, when
there is one, than the’'plurality or Hare procedures. How-
ever, it does not always do so: ,
N ‘ - 4 2 . 4 2 4
Example 5 a a b b c c
(21 Voters) b c a c a _ b
c K b c °a b a

. - v

e No é\ternétive has a majority of first place votes, so

alternative a with the largest number of last place votes
is eliminated, and b wins, But in this example, alterna-
tive a is the Condorcet winner (it beats both b and c by a
vote of 11-10).

" Unfortunately; the Coombs procedure also fails to
satisfy the Monotonicity condition. 1In thé following ex-
ample, the Coombs procedure eliminates alternative c and
chooses a: ' .

Example 6 a b . c. c
(13 Voters) b ..c a b
i C Za b, ¢ a

N .

vor alfernative a over b, b will be eliminated and c will
win.

In, general, elimination procedures tend to consider
information in too piecemeal a fasﬁion: A good alternative

[El{jﬂ:‘ ) . . 5341 26 * .
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may be ellmlnated earf} on the basis of partial information
without considering the overall picture. We need to have a

votin¥ rule which con51ders information more uniformly. “

2.4 - :1:hg BQIQ& Count .

&

In*1781 Jean -Charles de Borda proposed his 'method of } '_\§
marks,' which has come to be known as the Borda count. 1In
: thlS voting system, each voter submits his or her prefer-
ence ranking of the n alternatives to bé considered. An \\\\
alternative receives no points for being ranked last, one
point for being ranked next to last, up to n-1 points for
being ranked first. The points for each alternative are -
then summed across all voters, and the alternative with the
highest total i2 the winner.
For instance, recall Example 1 at the beginning of
+ this Chapter: - .

Y

“

o oW
o oo
*

[o7RE o i I o]

If the Borda count, dlternative a receives'3 %ints from
the first voter, 2 from the second, and 0 frofmthe.third, 5
for a total of 5. Borda counts for all the alternatives

“are a:5, b:6, c:4 and d:3. Alternative b is the Borda
winner, .

The Bor8a count has a ffumber of arguments in its fa- e
vor. First of all, it uses information from the entire “
preference rankings of all voters - not just which alterna-
tive is ranked first or last - and it applies thlS informa-
tion, all at once instead of sequentially. - Secondly, the *

* Borda count choosés'the alternatlvqswhgbh occupies the
highest .position on the average in the voters® preference
rapkings, since the Borda count of an alternative x, divid-
ed by the number of voters, is just the average number of :
alternatlves ranked,below X. . Thus in Example 1, alterna- .
tive b has an average zaqg.of two from the hottom, higher )
than any other alternativ This property could be*impor- '
tant when we need a 'broadly acceptable' decision:, having
the highest average posﬂtlon in preferktnce rankings qﬁght'
be a reasonaBle’ operatlonal deflnltlon of 'broadly accept-
able.'

o

or another justifi orda count, considér
the results of the pairwise in Example 1, which .
can be shown as follows: .

L o * -
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Notice that the total number of votes Jthat alternative &
would get'in pairwise contests isla+2+3 = 6, exactly
its Borda count. This is -alWays true when all voters,have
strict preference orderings (no ties in L(ﬁ? ordenng) <
Notice that, going Back to the preference dlsts, we can
obtain alternative b's Borda count by simply countlng the
number of letters below b in the three lists: ’

-
. v -

R

£

’
v

But this just says that jin pairwise conte ts alternative b
would get 1 vote against a, 2 adainst c, (and'3 against d.
Hence, we can also interpret the Borda win er as the alter-
native which*would do best on the average, in'terms of num-
bers of votes, in pairwise Q?ntests with other alterna-
tives. - -t

The Borda count satlsfles “€he Pareto condltlon, theg
Condorcet loser condition, and the Monotonlclty condition.
Condorcet was the first to point'out’that it does not sats

~isfy the Condorcet winner condition: . - *
. ’
. 3 VYotérs 2 Voters
.  Example 7 *a - b Borda a: 6 .
(5 voters) - b . < counts b: 7
. . € a c: 2 .

1
R?‘Eﬁ's‘éxample, alternative b is the Borda winner but’a is
the Condorcet win:);,/e‘ Worse than that, alternative a has
an absol,\te majority of first place votes. The only” reason

that b can win in the Borda cpunt is that the presence of c_

enables the last two vot;ers to we:.ght' their votes for b
over alternative a more heavily than the first three vo- - .
=» ters' votes for alternative asover b, The Borda count vi-~
olates the;followmg criterion, whjch is weaker than the

Condorcet criterion --. . - P

3e .+ =*
Majority criterion: If a majority of voters have an
, N -

: al‘ﬁ':ar:.native« x as their first cho‘{ce, a voting-
rule should choose Gx. .

-~
.
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In Example 7, our first three voters do have a natural
defensive strategy. They can obtain alternative a as the
Borda winner byslnslncerely listing their preferences as
acb, 1In general, the Borda count is vulnerable to strat-
egic manipulation in the follow1ng way' if a voter favors
x+and believes that y is the.most.dangerous competitor to
%, he can minimize the risk that y will beat x by putting y
at the bo&tom of, his preference list. When the danger of
‘this kind of strategic behavior was pointed out to Borda,
his reply was, 'My scheme i% only intended for honest men!’
(See {2], page 238). .A rewardlng analysis of 'strategic

, ténsion' in voting with the Borda count has recently ap-
peared\as 2]. I .
Whilefnone of the voting rules we have considered in

Sections 2, 3 and 4 satisfy the Condorcet winner criterion,
recent work indicates that the methods differ with respect
to,  How often they<sfail to choose a Condorcet winner when
there~is ‘onea The following figures, ‘for instance, are due
to Chamberlin and Cohen [3), who considered a falrly real-
#stic spatial voting model with four alternatives and 21
voters, and asked what percentage of the timeweach of four
voting methods will choose a Condorcet winner when there is
one: .

' . Py ’ . . »
Plurality ¢ 533 y ‘e
Hare 75% . . ‘
. " Coombs 98% . vl /
Borda 83% ‘

- - ©

Coombs seems clearly superidr in this respect, with Borda
second and plurality a poor last. Moreover, as the number
of voters increases, the performance of Coombs and Borda
improves, while the performance of Hare and plurality

decllnes. ’ . o

2.5 condorcet Voting Methods .
1 »

Of the voting methods we have discussed so far, only
sequeptial pairwise voting (with its many other flawe)
satisfies the Condorcet winner criterion. In this section

" we will congider three additional voting methods which all

e

Aruitoxt provided by Eic:
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satisfy this condition.
Cohddrcet voting-methods. ' ,
Probably the simplést suggestion was made by Dunca
Black in {2]. If we value the Condorcet criterion, but,
believe that the Borda count also has advant ges, we might
do the following: in cases where there is a Condbrcet
winner, choose it; but in casts where'there is no Condorcet’
'winner, choose the Borda winner. We would require prefer-
ence lists from the voters. We would then use the informas

LI g -
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Because they do, they are.called
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tion in the preference lists to construct a pairwise voting
diagrip like the one we have seen earlier for Example 1:

2~to-1

1-to-2

Q,

-C‘;

2

We would thep check to see if one alternative beats all the
others in pairwise contests. 1If so, that alternative wins.
If not, uke the numbers in the diagram to gcompute the
Borda winher as in Section 2.4.

The Black rule is easy to implement, and satisfies the
Pareto, Condorcet loser, Condorcet winner and Monotonicity
criteria. It does not satisfy a plausible generalization ¥
of the Condorcet criteria offered by John Smith [24] --

r

's_ ized iterjon: If the alterna-

. tives can be partitioned into two sets a-.and B °
such that every alternatlyeyln A beats every
alternative in’'B in pairwi'se contests, then a vo-
ting rule should pot select_an alternative in B. °

The’ Smith criterion implies both the Condorcet winner and
Condorcet loser criteria (take A to be the set which con-
sists of only the Condorcet winner, or B to be the set
which consists of only the Condorcet loser). The following
example shows t}’t Black's rule violates this criterion:

-1 Voter 1 Voter 1_19&21

-

Example 8
(3 Voters)

(

.
O € NN X T o
NSNKKOU
O£ N X o0

If we partition the alternatives as A = [a, b, c] and B = "
{x, v, z, w}, then every alternative in A beats every
Alternative in B by a 2-to-1 vote. Furthermore, there is

no Condorcet winner, since alternatiyves a and b and c beat

each other cyclically. When we compute Borda ,counts, we

get: haas &
a b < X ¥ z ¥
.11 11 1 12 9 6 3
b ° ‘ .
v 30 )

e
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Hence, by Black's rule, alternative x is the winner. The
special structure required in this and other similar exam-
plesrdoesjseem to indicate, however, that such situations
are probably very rare.

A second ingenious Condorcet votiné rule was proposed
by E. J. Nanson in 1907. It is a Borda elimination scheme
whiFh sequentially. eliminates the alternative with the 1low-
est Borda count until only one alterpative or a collection
of tied alternatives remains. That’/ this procedure will
indeed always select the Condorcet winner, if there is one,
follows from the fact that the Condorcet W1nner must garner
more than half the votes in its pairwise contests with the
other alternatives, and hence must glways have a higher
than average Borda count. Thus, it can never have the
lowest Borda count, and can never be e11m1nated. Here is
an example:

--MMLM&AM

Exﬁmelg_z
(15 Voters)

the pairwise voting diagram is:

4-to-11

so that alternative a is the Condorcet winner. The Borda
counts are a:24, b:25, c:26 and 3d:15. Hence, alternative c¢
wouldbe the Borda winner, and alternative a would come in
next-to-last.” However, under WNanson's procedure alterna-
tive @ is eliminated and new Borda counts are cobmputed:

3_!9&215 4 °Voters 4 Voters 4 Voters
.b b c a Borda a:lé

c a a c counts b:l4
a c b - b - c:15

Alternative b is now eliminated, and }\[the £inal round
alternative a beats ¢ by 8-to-7.

. Since Nanson's procedure so cleverly reconciles the
Bord dbunt with the Condorcet cdlterlon, it 1s a shame,
but perhaps not surprxslng, to find that it shares thé¥
defect o{i?ther elimination schemes: it is no$ monotonic,
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Here is an example offered by Fishburm [11]: .

8 Voters 5 Voters 5 Voters 2 Voters

Example 10 a c b - c
%20 Voters) b a - c . b:
- ¢ b a a ° “
. L2 A

The- Borda counts afe a:2l, b:20, and c:19. Hence ¢ is
eliminated, and then alternative a beats b by 13-to-7.
However, if the last twod;oters change:- their minds in favor
of alternative a over b, so that their preference orderlng
is cab, the new Borda counts will be a: 23, b:18 and c:14..
Hertice b will be eliminated and then c beat by 12-to-8,
The change in alternative a's favor has produced ¢ as the
winner, ’ RS .
Our last Condorcet voting rule is a remarkably simple
rule, apparently first ‘proposed by A. H. Copeland in 1950.
One looks at the'results of pairwise contests between al-
ternatives. For each alternative, compute the number of
pairwise wins it has minus tﬁe number* of .pairwise losses it
. has. Choose the alternatlve(s) for which this difference
- is largest. Thus, in Example 1s

e . Copeland Score=
. lternati Wi : iny
! a b2 1 1
_ b 2 1 17 . >
c ! 2 -1 , ‘
- d 1 2 -1

Alternatives a and b/;re\the winners by the Copeland rulé.
In Example 4,

-

” b
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alternatives a, b and c are all chosen as winners. The
Copeland rule is more likely than ather methods to produce
ties, since-it does not take into account,’ for instance,
the margins of‘blctOty in the pairwise contests, but only
whlch alternative wins, (Thus, in Example 4, alternative a
beat b by 11-to-6, b beat c by 12-to-5, and & beat a by
only 9-to-8. _The Borda count takes these margins into ac<
count and ptoduces a as the winner.) ]

It is‘clear that if there is a Condorcet wlnnet,
Copeland's rule will choose it: the Condorcet winner will
be, the ‘only alternative with all paltwlse wlns and no
palthSe losses. * The Copeland rule also satisfies all of
the other criteria we have consideted *If its indecisive-
ness can be toletated, it, seems to be a very good voting
rule indeed. '

Although in_ theory one -could implement Copeland'sf rule
just by holdlng pairwise,votes between all pairs of alter=
‘natives, it is ptobably 51mp1et to ask votets for prefer-
ence orderings. and then calculate the fesults of pairwise
contests from the orderings: This also tends to increase
con51stency and discourage strategic manipulation.

g THe most serjous problem with the Copeland rule is not.
a failure to meet-any general cgiteria, but the fact that
¥t may come into spectacular conflict with another reasorf-
able voting rule - . the Borda count In paztlculat, con-
sider the followlng example.

LJLO&&IA_JLQL_&LEI_SLOL_QIBME_S

=% EXample 11 a [ e e
“"’.(9 Voters) . b é ¢ a a °
c b d b
a e b’ 4 .
<« ? &
a-_.. b ° ""e. a ¢ ':c
/‘ \ Coéeland a: 2 Borda  a: 16
a scores: b: 0 scores: b: 18
, ev\ /c c: 0 .. c:18
a ” d: 0. ™ < 18’ )
' e:-2 - e: 20 °
« ) :

Here alternative a is the Copeland wlnngr angwe comes in
last, but e is the Borda winner and a comes. in last. The
two methods produce diametrically opposite‘results. If we,
try to ask directly whether a or e is better, we notlce
that the Borda winner e is preferred to the Copeland wln-
nery alternative a, by eighit of the nine voters! 1In a re-
cent survey afticle in Scientific Amepican [18], Riker and
Niemi were distyrbed enough by this phenomenon to almost
suggest the fol¥owin modification of “the Copeland-rule:
+Chaose the'Copelaqd winner unlesg it 1oses in aspairwise
). . ..

»

- . - .

S U | U
. * )

Co .
JQ d ’d




¢ I ,; [

oAAAHicontest with the Borda winner, in which case choose the |
Borda‘winner.’ (This modification does not suggest how to

-handle situations with a Copeland tie). sSituations like

Example 11 lend credence to the suggestion.

- .

2 2.6 Results of the Axjomatic Approach ’ -
The, results of our axiomatic approach €or evaluating .

voting rules are sumgarized in Table 2.1. The logical re-
,lations dmong the four Condorcet criteria are that 'a YES on
Condorcet winner implies a YES on Majority, and a YES on
Smith.implies YES's on all the other three. I have under-
. .lined the NO's which I believe represent serxous\drsadvan-
. tages to certain voting rules. .

"It is clear from the discussion of the previous sec-
"tions that all of these voting rules have some problems,.
but .the teple supports our view that some methods are bef-

s . ter than' others. Sequential pairwise voting is bad because
of the agenda effect and the possibility of choosing a
Pareto dominated alternative. Plurality voting is bad be-
cause of the weak mandate it may give -- in particular, it s
‘s may ‘choose an alternative which would;lose to any other
. alternative in a pairwise contest. Plurality with run-off
and the ellmlnation schemes. due to Hare, Coombs and Nanson
. {\\ll fail to be monotonic: changes in' an alternative's
) favor can change it from a winner-to a loser. Of these four
‘séhemes, Coombs,and Nanson are better than the others.
They generally avoid disliked alternathES, the Nanson rule
alway$. deteéts a Condorcet winner when there is one, and
the Coombs\gcheme almost always does.
+ The Borda count takes positional information into full :
account and generally chooses a non-disliked alternative.
Its major difficulty is that it can directly conflict with
'majority rule, choosing another alternative even when a ma-
jority of Voters agree on what %lte;native is best. Thus,
the Borda count would only be appropriate in situations
where it 'ig acceptable that an alternative preferred by a
majority not be chesen if it is strongly disliked by a mi~
nority. The voting rules due ‘to Copeland and Black appear -
to be qgite strong. The Black rule directly combines the
virtues of the Condorcet'and Borda approaches to voting.
- The Copeland rule emphasizes the Condorcet approach, but '
| Kiker'and Niemi have suggested how, it might be modified to
avoid the most violent of conflic%g with the Borda approach,
e . We have also seen how several of these voting rules .
N may be subjected to strategic manipulation at the hands of .
’ votérs who are willing to be insincere. 1In fact it is true
; that all of these voting rules can be strategically manipu—
lated. For a reference on this result, see the biblio- - s
graphic notes at the end of the chapter. . B
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CRITERIA

s
LT c

N Pareto
. Monotonicity

Majority

Condorcet
winner

‘ia {__§mfth

Condorcet
criteria

Remarks

TABLE 2.1 : * .

. .
! ~* f

AXIOMATICS EVALUATION OF VOTING RULES

7 .
VOTING RULES. ) '
Sequential * Plurality N “Borda .
pairwise Plurality with runoff Hare Coombs ,Count Black Nanson Copeland
N YES - YES YES YES YES YES YES . YES
YES YES NO NO NO YES YES NO YES
YES NO . " ¥YES YES YES YES YES YES . yES °
YES YES YES +« YES YES NO YES YES YES *
A : .
YES * NO . NO NO NO «No ° YES YES YES <
YES . NO NO . M NO NO NO °  YES YES
T 9 -
Agenda , Usually violations More likely
eflect choosges of Smith to produce
Condorcet rare ties

winner




A classical example of a décision problem in water .
pollution control is the study of the hypothetical Bow
River valley by Dorfman and Jacoby [5].- A pollution con- .
trol project is to be designed which will enable the Bow -
River_to meet .a water°quality standard of 5 ppm dissolved
oxygén. The major polluters along the river are the cities
of Bowville (pop. 250,000) and Plympton (pop. 200,000) and .
the Pierce-Hall cannery. The goal of each of these three
pollute;s,is to maximize the difference .between their indi-"
vidual bedefit and individual cost for the pollution con- .
érq} project, There is ?lso a water pollutfonoé%ptrol .o
agency interested in maximizing the difference between
total benefits and total costs, To begin to reconcile
these’four different objectives, Dorfman an Jacoby do a
multi-objective analysis to determind five different
Pareto-optimal pollution control optioks to achieve the )
required water quality (i.e. none of thexgptions could be
changed in a way favorable to some of the four objectives -
without being disfavorable to:others). The five control
options are denoted #8, 9, #11, #13 and #14 in the , ? °
Dorfman-Jacoby study ([5], page 126), . :

. We hypothesize that a policy advisory committee (PAC)
is to recommend which of these five options to implement.
The PAC is to consist of representatives from Bowville (B) ,
Plympton (P}, the cannery (C), and the water pollution con- .
trol agency (W). For instance, it might have two represen- _:
tatives each from B and P, and one representative sach from
C and W, -in which ‘case it could be-thought of as a weight-
ed voting body: : '

e

ot

BTy

4 ;2,2,1,1). . o . .
B P C W LT
- - Pollowing the ideas of Chapter One, we %an calé%lateo. .
the Shapléy-shubik<pbwe; indices of the voters in this ~

body. 'such‘iqdices will only be applicable when pairwise T

. Gecisions are to be made, but seveﬂi} of ,our multi-alterna- ]
tive voting rules do use pairwise comparisons, and in any s
case the results could be useful as a first approximation -
to the distribution of power. From Table.l.l in Chapter

One, we see that the Shapley-Shubik indices for this body
L . h
are: , ‘

= [

(2/3, 1/3, 1/86, 1/6), w . . ., . ia
B P C W . ’ L ’ h
) v - - v ” °© N v"n." s - 4 *
i.e., they happen to be in direct proportion to“théNumbers . X
of votes. e . N, . -
* \ ’ 0 s o a .
A e ] - ®
v -y 4 36 - A -
Q : . 41{1 ) '

. - . o - . XY
[ 4
- . " ° .
- N .
) N . : ’
oo ¢ . .
L) M

. .
- o o -
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Since deadlocks are possible in this body, it is pro-°
posed that the mayor of Bowville, the largest city, be
given-the power to break ties. From Chapter.One we kndw

that, at least for pairwise voting with no abstentions,
this would be equivalent' to changing the voting body 'to

. .

(4 3, 21, 1] - ’ -
. B P C W

4

The .minimal winnlng coalltions would then be BP, BC, BW,
and PCW, and sthe power indices would be: 1

(1/2, 1/6, 1/6, 1/6]
B P c W

It is concluded that the ability‘to break deadlocks is not
worth the inequity of the resulting distribution of power,
and the mayor should not be given the prerogative of break-
ing ties. -

From Dorfman and Jacoby we have the following prefer-
ences foyﬁthe five acceptable control options (%8, %9, 3,
#13 and #14):

L

B p C 1
2 votes 2 votes 1 vote 1 vote
8 14 13 11

9 .13 11-14 9-13
11 © 8-9-11 9 “ 8
‘lg_ ’ 8 14
14 st =~

The entries at the same level represent voter indifference ¢
among certain alternatives. We will assume that indiffer-
ent voters abstain in pairwise contests, The following
analysis will illustrate how the voting rules in this
chapter can be adjusted to deal with indifference and
voting deadlocks. We will also see that different voting
rules lead to dszerent deciszons in this environmental
example.

The pairwise voting diagram for this example 1§

B #8

..
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whe all the arrows-not shown represent tied votes. The
voting. rules of this Chapter produce the ‘following results:

1) Sequential pairwise voting:  Centrol opt}ons #11 and
$13 will entet ‘the voting at some stage, ahd will then
be deadlocked . . L
t2) Plurality voting. Options #8 and ™14 will be tzed
. The adoption of run-off or Hare elﬁmlnatlon w111 pro-
. * - duce the -same deadlock. R
3) Coombs elimination. Option #14 will be the first elim-

inated since it has the most last-place votes, yiela- °

ing: . . -
2 Votes 2 Votes 1 Vote 1 Vote
. 8 13 13 11
9 8-9-11 1 9-13
1n 9 8 )
13 g

No opti&nﬂyet has a majority, and #8 (with 2-2/3 last-
place votes) will be the next to go:

2 Votes 2 Votes 1_Vote®

. 9 13 13 1, - L
11 9-11 11 | _...'9-13 :
13, t o 9 N
! Control options #9 and #13 (2-1/2 last place votes .
%ach) are then eliminated; and alternative #1! wins: « .

. 4) . Borda count. In the Borda count with ties, tied _
options are awarded the average of the points which
would normally be awarded to the places they hold.

Thus in the preference list % 1
14 o
, 13
’ 8-9-11 .
L ’ options #8, #9, and #11' occupy positions ‘worth 0 +1 + ~

2»= 3 points, 80 they are each awarded one pdint. The
Borda counts are:

, #0019, n1. - ‘13 14 /
11 11 1/2 12 172 141/2 10 1/2

and optibn #13 is the Borda winner,
5) Black. -8ince there is no Condorcet winner .(#13 ties

#11, but does not beat it), the Black rule awaMis the

decisiﬁn to the Borda winner, #13. . ]
6) Nanson elimination, Under Nanson 8 elimination scheme,

option #14, which has the lowest Borda count, is elim-

inated, and revised Borda counts are #8:8, #918'1/2, .ot
~ #11:9 and #13:10 1/2. oOption #8 is then eliminated,

Q‘“ S 46 38 o X
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yielding new Borda gounts of #9:51/2, #11:6 and #13:%6
— - * 1/2. Option-#9 is then eliminated and then #11 and #13
- tie. v
‘7)  The Copeland scores are
$48: 0 -1 = -1
$9: 0 -1 = -1

*

-

‘ #11: 1 -0 = 1 . .
. - #13:3-0= 3 s, -
#$14: 0 - 2 = -2 _ *
[ & - - s ‘
: with alternative #13 as the Copeland winner.
These results can be summarzed as follows: _
v . Y 4 V . ~
¢ Yoting Method Hinner(s)
- Sequential pairwise ) 11, 13 )
By . Plurality 8, 14
. Plurality with run-off 8, 14
Hare 8, 14
Coombs o 11
Borda count - 13
Black ‘ 13 *
Nanson d ‘11, 13
Copeland 13
What is.cleaf, of course, is that the voting method used
has a major effect upon the decision reached. .
, i n_to =0bj i i s
.Single Decision-Maker »-

We ha3Q1UEEn concerned in this Chapter with a collec-
tion of voters who must decide among several alternag}ves.
The methods we.have discussed are also applicable to a
. single decision-maker who must decide among several alter-
- natives, but who is trying to satisfy multiple objectjves.
Consider, for 1nstance, the following kind of problem from
(15] A decision—make: must choose among four alternatives
a, b, cand d. 1In making his decision, he must consider
the performance of the alternatives with respect to four
objectives. The objectives are of such a nature that
numerical measures of performance are difficult to come by
(e.g., improved envirommental quality, minimal social dis-
ruption, high aesthetics, etc), but it does seem possible
. to at least rank how the alternatives perform according to
the different objectives. The performance results are:

1st 2nd 3rd 4th
. obiecti Dbiecti Obiecti b3 .
a d b G 7/
. b . a d a )
c b a a
14 . d c c b
—~N\ .
Q . . 39 :

<3
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Thug, with respect to the first objective, alternative a
performs best and alternative g performs worst, while ‘with
regspect to the second ob?ectlve d performs bést ana c .
worst. . . .

If all of the objectives are of equal importance, we
could simply consider each objective as a 'voter', and use
a (preferably good) voting rule from this Chapter to make
the decision. Usually, however, some ojectives will be
more important than others. Ih such a case, we can still
apply our methods if we feel justified in 'weighting’ the *
different objectives, For instance, if we feel that the
first objective is quite impqrtant, we might assign weights
of 3, 2, 2, 1 and think of tHe objectives as voters in a
weighted voting bo?y (5:3,2,2,1]:

Mzmzm_er_el_\&ter

.

n.ddo'm
0o oo o
oo oo
[o 2 VI VY

If we are using a votlng rule wh1ch relies ee pairwise com-
parisons (e. g, Copeland's rule), we should ba careful to
check the power of objectives. * In this case/khe sﬁapley—

_ Shubik indices of the objectives are:

15/12, 3/12, 3/12,°1/12). ° .

‘

/

.

», If this does not differ too drastically from our sense of
o relative importance, we can proceed. If we are using a
Lo ¢&Vbt1ng rule which does not_rely on pairwise comparisons
(e.g., the Borda count), we.can omit this check. 1In any,
case, it would .be wise 'to dq a 'sensitivity analysis!',
. experlmentgpg with several sets-of weights to see if the
result qhanges with nearby weight a551gnments.
In choosind a voting rule to use, note that the cri-
teria we_used to evaludte voting mles still make ‘good
s sense in the present context. The Pareto criterion says we
‘ should not choose an alternative ifqanéthet alternative
R performs better with respect to every objective. <The Mono-
hé " tonicity criterion says that if we choose an alternative,
and then the performance of that alternative with respect
to some objective is improved (the performance of other
alternatlves remaining the same), we should still choose
’ ‘it. The Cohdorcet criterion says that if some alternative
* perfbrms bett€r than any other alternative, measured by a
s weighted sum across ob;ectives, than it should be our
‘choice, Violat;ons of thd. Pareto and Monotonicity criteria
seem to be particularly s:\ious in this context.
“In the above example the dla?ram ‘of pairwise contests

s I . - .
, N
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+ where the omitted arrow tepresents a tie between alterna-
. tives d and c, Pluralityevotiﬂs considers only the best g
" alternative with respect to each objective, sand chooses |,
a . alternative a, which pé}formg best with respect to the most -
: important objective. Hare elimination eliminates first c
and then b, ang then chooses d over 3. Coombs elimination
-~ ruling o alternatives which perform Very badly with--
respect to engugh criteria -~ eliminates c and then.chooses,
a., - ' .
. The Borda counts of the alternatives are a:l6, b:14,
c36 and 4d:12,.so that alternative a is the Borda winner.
2 . Since there is no Condorcet winner, a also wins by Black's -
rule, Nanson elimination rules out alternative c and then
b, and epdséchoosing d pver a. Pinally, Copeland's rule

produces & between alternatives a and b.

These ults car’be summarized as follows; -,
Decision Method . Hinner(s)

Plurality ) % -
ilurality with run-off . .
Hare . .
Coombs Lh .
Borda count ~ °
Black ' .
Nanson .
Copeland a

-

b §

T o oo

¥

i

- Once adain, the choice ‘of decision rule is important for
the outcope. The decision rules which I have argued have
- preferred,properties -~ Coombs, Borda unt, Black and
Copeland -- geen to'agree on altefhat;§§§g£§Lthe optimal
outcome, ‘whereas other décision rules often select d. Of
’ course, the proper procedure for this kind of" decision

problem’ is to select a decision rule in _advance, because of
its Qgsirgble properties,.and then abide by the outcome it

- produces. . .
» . " PROBLEMS ’ ‘ :
. - =

- 1) Prove that plurality voting satisfies tﬁi Pareto cri--

‘terion, o .
Y .‘ ) \ W . , .

’ “2)  Prove that plurality voting satisfies the Monotonicity
criterion, ° . .
@. - oy
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3) If there-are only three alternatives, is the Hare ,
\ elimination procedure equ1valent to plurality votlng
with a runoff? . -

4) Verify that the Borda colnt satikfies the Pareto,
Condorcet loser, and MonotoniCity criteria.

5) Verify that the Majority criterion is weaker éhan the

s Condorcet winner criterion, i.e. that .any voting rule

whiqh sat;sfies the Condorcet criterion, must also .
satisfy the Majority criterion.

6) Verify that the Black rule satisfies the Pareto,
Condorcet loser and W1nner, and Monotonicity criteria.

7) Verify that "the Copeland rule satisfies all of the .
criteria considered. . . .

8) Complete the verification of the entries in Table 2.1.

9) In the example of Section 2.7, calculate the outcones
with respect to all voting rules considered, if the -
PAC should operate as the weighted voting game [4; 3,
2, 1, 1]. Make a table-like the ,one on page 39. i
Whigh voting rules translate B's increased power into .
selection of alternatlves more favorable to B? Are
< there any votlng gules which translate B's-increased ¢
power into an outcome less favorable to B?

~ 10) . In the eiample of Section 2.8, do a 'sensitivity anal-.
ysis' by considering the weighted voting games [3; 1,
. 1,1,1), (4 2, 2,1, 1) and [5; 4, 2, 2, 1] and the -
resulting effect on,the outcomes for ‘the various
votlng rules. As tle weight of the first objectlve is
1ncreased, do the various voting rules'select.a;terna- :
tives which shtisfy that. object ive betterg ' -
: 11) We havé seen that'isome voting.rules can be skrategx- o
) ) ) cally manlpulated, and Lﬂg}aﬁmed that .this’ 1s trué of <
o all the ones .we h3d%e considerﬁa. Ex&hing gprgteglc o 7
manipulation of Copeland's rGl& 1ngExaﬁplQ 115} -

a) Show that if one.of the four voters wrthhp;g N 2:

. , ‘ence order ¢ ¢ b e a insincerely listed hi %°&‘; 3;‘ Z;i'ﬂ

+ if/' preferences as ¢ b & e a, Copeland's'rulé wopl@ '”bq .
* give a tie between a and'b, which ouj voter wourd  ¢~T s

. prefer 'to a win for, a. f ’u
b) Show that if one of those ‘Voters insincerely & g ”

listed e ¢ @ b a, then Copeland's rule would give 2 .
N, a win for e, which our voter would prefer to a win,, °} 'o‘

for a. : - . O
‘ - e

12) Kenneth Arrow's most famous condition {(see page 21) ’
: +mmight -be phrased in our conitext as follows: ) 1,

. . 4
.

! N . € -
. L. 4 2,
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If a voting rule chooses x as a winner, and
some alternative y is then removed from the .
set of alternatives, the voting rule should BN

* still choose x as a winnerz. .. .-

of the voting rules we have considered
satisfies thi criteribn.- Arrow!s non-existence re-
sult is a consequence of the strlngency of this cri-
terion. (Hint: you will need nine counter-examples.
Examples given in this chapter will do for all nine.
This should not prevent you from making up pdssibly
simpler. counter-examples of your own!) .

Peter Fishburn [11] has extended the Condorcet winner
idea into a voting rule as follows. Suppose we are in

a voting situation where no pairwise ties between
alternatives are possible ‘(the Fishburn rule handles ’
pairwise ties in"a rather complicated way). De&lare x
to be a winner if for any other alternative y, eithér'

x beats y directly in a pairwise contest or x beats
another alternative z which,in turn beats y. Henc¢e .,
Fishburn's rule, like Copeland's, depends only on the
diagram of pairwise wins. .

a) It is clear that Fishburn's rule satisfies the
Condorcet winner criterion. Show that it also
satisfies the Pareto, Monotonicity, and Smith
criteria (hence all the criteria we have con51d-

™~ ered). : lag < ‘ .

\
b) What is the_ se?gf Fishburn winners for Example 12

c¢) Show that in Example 11, all alternatives are
Fishbu:n winners. “%

*

ad) . Show that what you found in b} and c) is true in
general. eyery Copeland winner 1s always a -
Fishburn winner. 1In particular, this shows that

N the set of Fishburn winners is always non-empty, a A
fact which is not at all obvious from the defini-
tion! It also shows that the Fishburn rule is
less dec151ve than the Copeland rule, which was

/ already faxrly 1ndecaslve. (Hlnt. if ¥is not a v

Fishburn winner, then there is anotHeY alternative
y such that y—>x and it is never true that x—>
2—~—>y. Show that y has‘'a higher Copeland score
than x.) . : /

The result in @) is known as Landau's Theorem.._Far a_

history of this theorem and other results about this

voting rule, see Stephen Maurer, "The King Chlckeh »

Theorems, Mathematics Magazine S3 (1980) 67-80. ;

-




-~ k ‘Modern social choicg?theory is the interweaving of two
strands, The first stem§‘¥{§: the work of Kenneth Arrow'
(1], and its typical result an 'impossibility theorem':
N it is impossible for a voting method for mote than two al-
ternatives to satisfy all of m reasonable criteria.
rrow's or1g1na1 work concerned the impossibility of a
jon, whlch will use 1nd1v1dua1 prefer-
ce orderings over n alternatlves to produce a complete
S0 preference ordering over the n alternatives in a
reasonable way. By contrast, we have been concerned with
what is.usually known as a social choice function, which
' uses individual preference orderings only to choose a i
socially ‘best' alternative. References are [9]f&[16],
(19, [22] and [23]. A related result due to Gibbard and
Satterthwaite ([13] and [21]) is that all 'reasonable'
social choice functions are strategically manipulable.

The other strand of social choice theory is the part
we have emphasiZed here°-- the study of the properties, of
specific voting systems. This strand stems from the work
of Duncan Black [2].. Blacj’also gives in [2]) an excellent
survey of the early'histor of this kind of thinking, em- *
phasizing the contribution& of Borda (1781), Condorcet
(1785) , and C., L. Dodgsﬁn {Lewis Carroll), and reproducing
fully Dodgson's 1876 phamphlet, 'A method of taking votes

N on more than two issues', Resent work of this kind can bg
found in (8], ([l0], (11], -[17], (18], [20] and [24]. fThe
'Condorcet loser crlterlon' of our Section-2.2 was appar-

\ ently first formally introduced by Peter Fishburn. °

Dorfman and Jacoby's Bow River Valley example has been
analyzed from a political point of.view by several other
authors, See, for example, Haefele in [14].
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« much. more stronle'prefers both .of them to c.

¥
™

| ‘}3' “Recent Aﬁpi‘eaehes to
- Voting Using Inten31t1es
‘. of Preferences S,

+

e voting rules ConSidered in Chapter TWo rely .only
onh the order in which voters, tdnk alternatives. They do

fet a‘'to b.to c, but feel that there {'s more of a differ=
ence bétween b and c ‘than between.a and b, It Tmay be de-

girable to ‘take such, relative intensity of preferences into

consideration. ConBider the following: example.

" not take“into consideration that a voter may not just pre-

l_EQIQI . ,l.&QﬁﬁL l.Voter - Ll .
. & v 8T : - 5 "
L] x -4
’ a °'B. . N ot
b " L. . = N 4
» S » L
M . 3 &’
- M ¢ t
- ) \ .
s EEN- S ar .
S A . " b -

The'gositi%ns of the alternatives on the vertical lines”
repvesent intensity of prqurences. Thus, the first voter
prefers alternaciye a to alternative b only slightly, but
If only
“.pteferepce orderings were teqken into account, the symmeEry
of .the sdtﬁation would make it indeterminate &= a, b afd ¢
would tie‘by any non-discriminatory voting method. Given
relative intensities, it seems clear that, b'is the‘best
social choice. - .° " s T

" v, The relative intensities illustrqted’in the example
are known as gﬂ;ginal_n;ilitigg, as distinct frmn4ﬁ;ﬂﬁﬂ5f
u€ilities which only tell the otder in which sltgrnatives

’

. . aré ranked. There is considerable debate about whit:car:
;' . dinal' utilitie’ mean, and hence how they should be obtain-
e AR .. oL .
PN , MR . Ce g, .
Y \)C( . ,47. , T 55' . .
o Y M ! » - a .




ed. One school of thought, developed by von Neumann and
Morgenstern in {17] as a foundation for the mathematical
theory ‘of games, uses lotterles. If for our first vg;er we
place alternative b 4/5 of . the way towards alternative a,
it is because the voter would be indiffefent between the

- choice of b for certain, or a lottery which would yield al-

. ternatlve a 4/5 of the time and ¢ 1/5 of the time, Another

approach holds that voters may e able to answer consis-
tently direct questlons about relative intensities, and we
put b where we do because the first voter ‘can say meaning-
fully: "My preference for b over Cc is four times as strong
as my preference for a over b". (See the discussion in
[71.)" vet another approach has the voter think of Ebe“‘*‘
vertical scale as a "feeling thermometer" on whlch o mark

how "warm® or "cold" he feels toward each alternative {see

3

{97, for instance). His feelings are then usually, "nor~

ERIC:
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mal ized" by expanding his scale to put his most preferred

alternative at the top and his least preferred alternative
at the bottom of the scale. Finally, a voter may be asked
to take 100 p01nts and distribute them among the alterna-

tives in a way which expresses his preferenges [12). oOur

first voter might have given 0 points to c, 44 points to b
and 56 points to a.

Of these approaches, the von Neumann-Morgenstern
interpretation is probably the most operationally meaning-
ful, but actually measuring utility by this metliod Ye-
quires that voters be able to think consistently about
father complicated kinds of lotteries. In any case, it is
far from clear that any two of the above approaches would
yield the same result. Because of these difficulties, we
will consider in this chapter only two simpler methods for
using intensities of prefergnces in voting. Both of these
methods have been suggested quite recently, and their
properties are the subject of current research, T believe
they.have great promise, but they should be considered as
still in the "experimental® stage.

In the first method, a voter is nof asked about his
preference ordering at all, but simply which alternatives
he "approves of." We will see that this scheme of approval
voting gives voters at least a limited chance to say some=~:

‘thing about their relative intensities of preferences, and

considerably reduces p0551b111t1es of stategic insincerity.

" In the second metlWod, voters are asked to place dgllar bids

on the alternatives. Very recently, a_clever enforcement
scheme has been developed which encourages voters to place
their bids-sincerely. Because the scheme yields honest

regelation of preferences, it is called a preference re-

mli& or ms:annle_c_qmp_a:.;bg process. Problems with the

- ) M
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implementation of this newer scheme are’ discussed in the

M

concluding section. '

- "3 2 _Approval Voting >y
] - F .
¢ Under approval voting, each voter can dive. one’ vote

€ach tor as many of the n alternatives under consideration v
as he or shé wishes. The alternative which receies the
largest number of these "approval votes" wins. For in- -«
stance, conaider‘thg_Dorfman-Ja‘coby water pollution con- «@i
‘trol example in Section 2.7: A N -
B P ° ‘C‘_ . . W Af)proval
’ 14 ~ 13 (e 11 % 18: 2 S
13 11-14 9=-13 . #9:. 3 s
- 8=9=11_ .. 9 . - 8 #11: 4
a : g- 14 $13: 2 ’
14 oo 14:3 - )

> . - N [

We will see using Dorfman and ‘Jagoby's _cost-be;lefit figmes
that a,reasonable result of agprdval‘votipg might be that ) .
each voter votes fot' the alternatives above the d'?;{di_r{g N .
Yine shown. Alternativé #11 would thus: be chosen{ , _ A
» Approval voting is very easy to use, ‘a.nd has the ad~ ~
vantage of*usually cloosing an alternativg which is accept-
able to many voters., It has recently. been .the subjedt of
considerable investigation by political scientists (see the
bibliographic notes), who are particularly interested i_r;
its poténtial use in-Presidential primaries. ‘
- .Exactly how might approval voting use intensities .of
preferences?- To Bee .that; consider the question of how
voter 8hould.dast hig -appraval 'votes! Suppose that ‘th
vdter has cardinal utilities (defjned ‘ih Section 3.1)
ever determined, for the. alternatives, and his goal/is to

" cast his approval votes in'a way ,which will m@x.irﬁ‘ze his - *

expgcted utility. At least, if our votér has: o ‘knowledge, ~
of-What the outcome of voting igjlikely to be, Weber [18]
and Merrill [1I] have shown that the strategy which will
makimize his expected dtility -is to votg for all dlterna-
tives with utility above ‘his averagesutility level” for the

alternatives. For th® Dorfman-Jacoby example, cardinal® T
utilitjes {represented by ‘Cost-benefit figures) are as !
follows: - ot . .
. v o L .o
[ = ‘. " e " : . ’
o v ) P » - N
':’ ) [ A
. . . . - - - . s, [ l \ <‘ .
N * ./ N ~
- . . . .
< . ‘4 < . .
s . ..
‘ 49 . ’ 1.
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The average qtilqu-of the five alternatives is shown on
each of the preference scales. If voters follow Weber and
_« Merrill's strategy, they will vote as we postulated'above. ¢
Because the Weber-Herrlllostrategy derives from averaging
cardrhal utilltles, approval voting by thls strategy spes
ciﬁically relies on preference inten51t1es. .
pproval voting is subject to strategic manipulation.
Por"Instance, voter P could cast her two votes for #13 as
well as #14, and thereby secure a tie 'between $13 and #11, ‘
which she would preger to a victpry for #11. (Admlttedly,
. the motivation t6 do this is quite weak in this example) . .
R Brams and Fishburn [3] have shown that, in a prec1se sense, * -
. approval voting .is less subJect to strategic manipulation. ’
. . ‘than, for instance, plurality voting. When strategic ma-«
P nipulation is possible, it usually appears in a fairly mild
. form -- a voter will react to strategic considerations by .
o e setting his cutoff point higher or lower on his preference
’ . scale than he would-otherwiséd, There is not the strong
- ™ temptation to pass aver your first choice and vote for your

second, “as there often is under plurality voting, or to “
v rank your second choice last, as in the Borda count.
o a’ a »
IS ’ ‘ . - P

. S o

' Although a voter whose preference order among three
alternatives is abc may be able to say that he prefers al-
ternative a to alternative b twice as much as he prefers b~ 5

« to ¢, he will not be ablgﬁgg agy convincingldy that hewpré—
" .. fers alternative.a to alternatiVe b more than another- voter
¢ prefers b to(3 The problem of 1n;g;gg;ggnal_ggmga;jggn_gﬁ

"I

. ppears to be intractable.v A tradifiona) ap-
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- proach to -this problem has been to assume that there is
some commodity, usually money, which has the same valuoe to
t all voters, and then measure other utilities by this stan-
/ dard. Thus the voters can communicate intensities of pre-
SRR, ferences by bidding money for alternatives. The' assump~ .,
*  tion that money has the samé worth to all_voters is‘almost’ . \T
1 certainly’ false, especially, for instance, if voters have
- widely different incomes. Hence,.eventually we will have
to face the problem of weighting§ voters' monetary bids . .
/ according to some economic or ethical criterion, and we are ~
A unlikely to find any dompletely satisfactory criteriom.
/ v However, suppose temporarily that money ¢an be used as.
- a, standard (i.e., assume thdt our vdters are economically
and'psychologically homogernreous) . How should we then design ¢
a scheme of vot1ng by bids? The most Obv;ous answer, is to R
have each voter b1ﬁ for each alternative, and choose the . B
dlternative with” the h1ghest total bid. It is convenient | L
to allow negative bids, and to ask each voter to.arrange
" his bids to add to zero. Thus a voter who prgfers alte:— .
native c slightly to b, and strongly prefers both of them -
to alternative a, might arrange his bids with a: -$40,
Sb: $15 and c: $25. . - - .
* At this point .the problem of honesty, whidW vas’ vy a AN
nagging dlfﬁxculty for the ordinal voting methods of ogs%.
« « Chapter 2 or for approval voting, becomes critical. Wi ’
out some kind of enforcement procedure our voter might very
well arrange his bids with a: -$40,000, b: $15, 000 and cz
$25,000. - #phe simplest enforcement mechariism jis, s;mply to
‘ collect the bids made for the winning alternative.. <
‘“Collecting™ a negative bid, of course, means paying'the .
voter that amount. Since the winning alternative will have
e, % a pos1tive total bid, we will always colTect more than we .
will pay out. . - .
Let U§ consider an example (bids in dollé;s): i

! -40 15 25 e w
2 20 ., 0 -20 - ‘
. v .
_ Voter 3 -10 25 415 . g
4
5

o U Z20° 15 ‘35 .
30 =35 =5 . ° v s
° =20 p -10. +30 -

In submitting thesg bids, Voter 1 is say1ng that he is in-
different among three possibilities: having alternatlve a
win and being paid $40, having b.win and paying $15, -and

having c win and paying®$25. It is thus worth $65 to him"
to have c chosen instead of a, but only $10 to have c cho-
. sen instead of b, 1In this example alternative c would be
declared. the winner. $25 would be collected from Voter -l.
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f . -
-, . "y
S

f;];[{j}:‘ . . 51 E;g) C. .




, '
R $35 from Voter 4, and $5 from Voter 5. ¥$20 of the money
collected would go to: compensate Voter 2, and $15 to com-
« pensate voter 3.
pay for it, and voters who dislike it are relmbursed
$30 collected but not disbursed represants the cost of
decision making. -

Taking catdlnal utilities jnto aécount, it does seem
cledr that alternative c should be selected. Notice, how-"
ever, that under plurality voting, alternatives a and c
would tie, and then a would beat ¢ in a run-off. Borda
count, Black's method and Copeland's method all produce a
thtee-way tie among the altetnatlves.

Unfortunately, we have not yet checKed that this
enforcement scheme of collecting bids for the wlnnlng

. alternative will induce voters to make honest bids. It
- -—@oesnot+— It- does eliminate the, problem‘aﬁréxtreme ofer-
blddlng,~but in doing so it introduces a problem of under-
biddlng 10ng familiar to economists. Suppose"the above
tab resents 51ncere bids, and consider how voters
might be tempted to bid insincerely. voters 1 and 4 obtain
their first choice of alternative c, but they must §3y a
» Ppretty good amount to get it. If it is clear to them that
.c'will win by a healthy’margin, they can save money by bid-
ding less for c,’ Voter 1, for instance, c 1d savé money .
by bidding only.a: -15, b: 5 and c: 10. %rnative c
would still win, and now he would pay only $10. Similarly,
Vote 4 could save money whlle‘gtlll obtaining.alternative c¢
by bidding a% -10, byp-5 and c: 15. Now consider what
- happens if both Voters 1 and 4 adopt this approach:

The

™~

A

M I ‘ .
’ .. T a Lo e .
2 _Voter 1 -15 ' 5 10  (insipcerg)
Voter 2~ 20 0 + =20 g
Voter 3 -10 25 -15 )
. Voter 4 =10 -5 15 (insincere)
2 Voter 5, 30 " =35 -
+15 -10 -5 7 e

>

. -

Voters'l and 4 in their individual attempts to better them-
selves have lost alternative c (and the money they gained
is 1es§ than it was worth to them to have c instead of a).
Socially, a non-optimal choice has been mage because of

" this insincerity, f T {

., Notice that the same effect- could have been brought
“about by Voters 2, 3 and'5 reasoning that: "Since c is
clearly going to win, why don't I -put a large negative bid
on ¢ and collect a bundle?" In fact, if we collect the
bids made for the winninhg alternative, every voter.will be
tempted to underbid for the alternative he believes géll
win., If even some of  £hem yield to temptation, we are
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likely to end up selecting an inferior alternative. In the
economic theory of public goods, this problem has long been-

‘known as the free rider problem. If the selection of al-

ternative ¢ is a public good which can be obtained if it is
paid for, every voter will be tempted to "free ride" and
let the other voters pay for it.

Given that this most obvious enforcement scheme does
not induce sincerity of bids, is there any scheme which:
does? It is interesting that'until recently it was almost
universally believed that no such scheme was possible,
HBowever, there is such a scheme, and we will disciss it in
Section 3.5. qupt, however, we will consider in the next
section some historical background which is interesting in
its own right, and which®will aid in understanding the
reasoning in Section 3.5. 7

.

. . . l E led Biddi
In a formidably titled paper in 1961, William Vickrey
[16} considered the familiar system of awarding leases or
contracts on the basis of-sealed bids. Suppose, for ekam-
ple, that’a government wishes to sell a lease for off-shore
oil drilling. It solicits sealed bids from interested com-
panies and awards the lease to the highest bidder, which
must pay, of course, the amount it bid, Suppose there are
three interested companles, and their true values for the
lease are: . '

Company True Value
1 $25,000
L2 $24,000
s g T, 3. . . $23,500.,;.‘- t > Rl

. A L. ¢
The true value of the lease M a company can bestfbe under-

stood as the prxce such that the company is indifferent
between gett1ng the lease at that pnice, and not getting it
att all. True values are, of course, determined by many
fdctors including expected cost of development, desired
ragte of profit, amd alternatives available to the ccmpany.
Given these true values, how much will the companies
bid? We can definitely be sure that each company will bid
an amount sgrfbtly less than its true value: a bid of the

‘true value would make it indifferent as to whether it got

the lease or not. How much less is a complicated question.
What each company bids will be determined in large part by
how much it expects other companies will bid. One tries to
bid.qust enough to beat the opposition, knowing that they
are trying to do the same. Company 1, fq; instance, might
believe that it could get away with $23,000, underestima—
ting the other companies' desxres and caution. . Actual bigds
mxght look like: 9, )
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- 1 T o $23,000 R
RO « 2 $23,100 -
N 3 $23,200 ’

In this‘ba§e,iCompany 3 wins the lease. But notice tha
'.35;5 outeome is ‘inefficient: the lease goes to the company
ch values it least, and the governmepnt gets a compara-
tively low price. 1If the lease had gone to, Company 1 at
$24 000 both the government and the economy would have been’
. better off. .
‘ The problems with this standard sealed bidding scheme
appear vegry.much like the problems we noted in voting by
t bids wben bids for the winning alter ive are collected.
Alleagenté\unaerbid, all dgent’s aépfazzolved in complicated
strafegic guesses.as to hew much hey can underbid, and
sogially ineffigient outcomes may resulf. .
Lor Vickrey's contribution was an excellent, simple, sug- '
gestion as to how these problems can b remedled for- the
" sealed flddlng case. In this suggestion is the seed of the
‘remedy ‘for the‘analégops problems with voting by bid.
_Vickrey suggested that the lease still be awarded to the
highest bidder, but that it pay only the amount bid by the
* second highest bidder! To see that this'scheme does more
than jgst:pave the government lose money, we must look at
its motivational consequences. ' L . <
*" " What Vickrey noticed was that, under this scheme, each
c___Eﬁn¥_ﬂlll_Q2_mQ&l!Q&ﬁd_I9_DlQ_ﬂxﬁglll_liﬁdhlﬂﬁ_lilnﬁf
and that.this will be true rfegardless of what it expects
L other ,companies to bid. Let us consider, for instance, .
Company 1, in our example. [First, would .Company 1 ever wish
to.bid more than $35,000? The answer is .no. The only ad-
vantage in doing .thisewould be if Comgg'w T could win-the
. lease by .bidding more, whereas it would not w1n #t with the
$25,000 bid. ‘'But this would only be true if another com-
pany bid over $25 000. Henceif- Company 1 .could win the
lease because Jof an OVetbld, in paying the price of the
4 sécond highest bidder it would pay more than $25 000. ~ It
s would father not have won it. ~ '
Secoﬁély, would Company 1 ever wish to bid less than
$25,000? Again the answer 1s no. Since the price it will
pay if it wins the lease is .ifdependent. of'fts bid (it de-
pends only on the' amouht of, the second hlghest bid), ‘
~Company 1 cannot save monéy by underb1dd1ng. It may, how=
‘ever, lose the lease_by ufiderbidding, when it could have:
won it ‘at’a price under $25,000 By bidding honestly. Thus,
eithér' overbidding or underbldding cannot help the company,
and may well hurt itx “The imperative to honesty is clear,

v

.

-

and indebendent of guesses about other'comganies'ﬁbehav1or.‘

<
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, Withseach company bidding its true value, the lease will go

to Company 1 at a price of $24,600, an efEicieqt outcome, .

At one’stroke, Vickrey's scheme solves all three prob-'
lems we have noted. Companies-are motivated to reveal
*their true preferences, no company’ has to worry abdut stra-
tegic considerations, and the award which is made is econ-
omically efficient., We should also note, as Vickrey did,
that this scheme is equivalent to-awarding the lease by an
open English auction, 1In such an”auction, Company 1 would
win the lease 'when Comp&ny 2 drops out of the bidding,
which woulgd happen at Company-2's true walue of $24,000.

There are two potential problems with implementing
this scheme, The first is that the schemé is only usable
in situvations where it can be safely 4ssumed that each com-
pany's goal is only to benefit itself, not to hurt other. .. _

T . fompanieS, If Company 2 wished to hurt Company 1 in the

example,. it might bid an insincere $24,900 ‘with, an aim not
to win the lease, But-to drive up the price which Company 1
must pay. 1In other words, the companies involved must not
be too gompétitive—minded. The second problem is that the®
.scheme is vulnerdble to "bid rigging® by coalitions of com~
panies, but it is no more so than the: standard system.
Under both systems, there must be provisions to avoid col-
lusgpn. . e

‘it 1s disappointing tHat 'Vickrey's idea was never £x-
per imented within pany realms in which it might be useful,
The only exception'I know of is the mail-order auction
busipess, where customers are often asked to mail in their |
bidgd on merchandise, with the auctioned item goihg to the
highest bidder at a price of $1 more than the second high-
esy bid [}]. The theoretical promise of Vickrey's idea for
thé free rider problem in economics and the voting-by-bid
problem was l{kewise to be unfulfilled for a decade,

7/ . Ly
[o i H

~
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The correct motivational idea to ‘induce honest fevela- - ° .
tion of demand for public doods, in other words the theo-
retical solution to the free rider problem in economics,
was developed in prelinminary ‘form by E.H. Clarke [4] and
o. more completely by Groves and'Ledyard (8]. The application
of this idea to voting by bid, which we will consider, was,
first made by Tideman and Tullock [15].
. Y. As before, each voter will be asked'to submit ﬁonetary 4
< bids for the alternatives, and again we ¢an ask, if we N
ﬁigh, that a voter's bids for all alternatiyes sum to-zero,
However, we will not collect from each voter the amount he d
bid for the winning alternative, but ‘instead that amount of

his bid which made a difference to the outcome. Consider .

our example in Section 3.3: .

e

.
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a b ¢ YVoter i Clarke Tax, o

‘ .Voter 1 -40 5 25  20% -25 5 15 (=20-5§ - I
Voter 2 20. 0 =20 -40  -10 S0* 0 - .
\ Voter 3 ~-10 25 -15 -l0 , =35  45* 0 ) *
Voter 4 ~20 -15 . 35 0, 5%-5 10 (=5-(-5)) .
*Voter 5 _30 =35 _-5 -50  25% "25%* @ <
< =20 -10 +30* Coo2p . . :
. (*=winner) . - e }2; -

where alterpative ¢ won. Consider Udter 1: ‘'how did his - ™
bids affect the outcome? Hi&hdnﬁ‘Yoter 1 the outcome would
have been a: 20, b: -25 and c¢: 5. Alternative-a would
have beaten alternative ¢ by $15. He charge Vqter 1 a tax, L]

- called a Clarke Tax, of $15. Similarly for “the other vo-
. ters. Without Voter 2_the outcome would have. been a: -40,.
b: -10 and c: ,.50, and c still would have won. Hence N

vofer 2 did not affect the outcome at -all, and is charged R
no Clarke tax.
The general scheme is thls, Sufpose that w1t§fV9teg i .
«an alternative x is selected, but ﬁlthout Voter . 1A§g§thep
alternative: y)would have- won, beating x by Sm. " its “«
¢ -Clarke tax is $m. * Without Voter 5, for 1nstance, alterna— .
tive b would have'tied ¢, but since b would not have beaten.

c, Voter 5's Clarke tax is still 0. ’ ?: -
\ Notice that under this scheme, theavote:s whp_favorl' ;‘::'“
. the winning alternative still pay, but they now pay the X i ‘;
a - amount by which they influerced the dbcis;on. One .ethical "‘ \é?
rationale for this payment mlght be that each votertis pay- . 02
'ing” exactly the amount by which his participattion xggnggg s S

- ’- the total utility -of other voters. Losers are not compen- q .ii
' sated. Thg $25 collected in Clarke taxes Yepresents the > a
cost of decision making. 7

The justifying virtue of this system«is that it moti-
vates sincere revelation of preferences, by the same rea-
son&ig that shows Vickrey's scheme does for sealed bids.

. —~— gcnsider Voter 1, for instance, asking if it might be wise .
‘to overstate the true ‘amount by which he favors,' say, al-
. ternative ¢ over a (this true amount is $65) . This would
only be useful if ¢ would not beat a when Voter 1 stated
Jii his true difference of $65, but would beat a if he exagger-
ated his difference." But if this were the case, the amount s
which his vote would contribute to the selection of ¢ over
{_ﬂ\z_would exceed $65, and hence his Clarke tax would exceed »
$

v
& "o

65. If he obtained his preference by overbidding, his
larke tax would be more than obtaining“that+preference is
worth to him.
WOuld Voter 1 wish to understate his preference for ¢
over ‘a?+ The only motivation for doing this would be to try

. *  to save money. But if c continues to win, Voter-1's Clarke - -
o coL . ’ ' )
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tax is determined independently of the amount he bids
(recall that it depends only on the total amounts that the
, other voters bid). Hence, he could only save money if his
underbidding caused alternative a to beat c, and in that .
case his savihgs would be less than the amount of his pref- T
erence for c over a. Likewise, all voters are motivated to
state honestly their preference differences between any two
alternatives. Again, notice that this is true ‘independent-
ly of what they expegt other voters to do.
Our problems are solved. We obtain honest revelation
of preferences, no voter has to worry about what other .
voters will do,*and a socially optimal decision using in-
tensities of preferences is made, . . .
As in Section 3.4, for,this system to work we must as- .
o sume, for instance, that voters do not wish to hurt other =
. voters, and ‘that—voters—do not form toalitisns.— We must R
also ask’if the system is at all applicable to cases in
which voters are not economically and psychologlcaily homo-
geneous, .in other words to cases where it is unreasonable
to assume that dollars measure preference intensities in
somg equitable way. We will consider these problems in the
next Section. .

Revealinti Process R
- ; ./ =
We will consider problems of four types,
Problem 1. .
The Clarke tax ig a tax: it may mean collectlndfdoney
from voters for their participation 1n the decision making 7.
Process., 1t may not be suitable to 45 this in a given de-
cision-making 51tuation, and ther® may even be legal barri-
ers to doing it. On the other han there may be situa-
. tions in which it is possible. Ong requirement which must
- certainly be met is that the decigflon which is made must be
implemented. We would not .uuse 1S process in a Policy
Advisory Committee, for member# would justifiably object to
+ paying for a decision which ight be overruled,

One ameliorating fact¥is that usvally not very much
money will be collected in arke taxes, especially if
there are a number of voters involved in the process.
Recall that if a voter s bids do not change the outcome,
that voter pays no “Clarke tax., With a fairly large number
of voters, chances are good that po individual voter's bids
will change the outcome, 80 that no Clarke tax a}y all will

. be collected in such a case, the thredt, if you will, o;
. a Clark tax still operates to ensure honest bidding.

It might be thought that any money collected in Clarke

taxes could be refunded to the voters, say to those who

placed negative bids on the winning alternative, /bnﬁortu—
- ' -

-~
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nqtely, this cannot be done wthout destroying the prefer-
ence revealing incentive of the scheme: if it were done,
voters would have 1ncentive tojplace insincere negative
bids «on the alternative they elieved would win. In fact,
the money Tollected in Clarke‘taxes should not be used for
any purpose which the voters would consider beneficial to

them. Consider this example: -
a. b _c 7 ) Clarke Tax

Veter 1 -40 15 25 , 55

Voter 2 40 - 0 -40 (insincere) ) 0

Voter 3 _ -10 25 -15 . 0

Yoter 4 ¢20 =15 -35 . 45
Voter 5 _30 -3% 5 ' _Z_QC‘

0 -10 +10* . 120

O

ERIC

Aruitoxt provided by Eic:

If—Vvoter 2 bidimsincerely as above, alternative ¢ would
still win, but now $120 would be collected in Clarke taxes
instead of the $25 in the earlier example. If that money*
was used in any waflwhich would benefit Voter 2, she would
have incentive to raise Clarke taxes by bidding insincerely
in this way. It is perhaps extreme to say that Clarke tax
money must be"wasted," but it should be used to benefit
segments of sbciety which do not include our voters.

If qpllecting money from voters is objectionable,
there is one thing wé can do. We could give a payment of °
$10, to say, to all ‘'voters before and independent of the
decision making process. The process itself would then not
be affected, and after Clarke taxes were collé€cted most of
the voters in our example would'ggme out ahead., We could.

not know, of course, exactly what payment we should make to

obtain a "Balanced budget," since the payment .must- not de- .
pend ‘on the amount to be collected. ’ .
Problem 2. .

Individual vokers canpot benefit by -insincere blddlng

underEthe preference revea ing process, but it happens that

of voters can. Consider Voters 2 and 5 in the
above exémple, who prefer alternative a to the winning ‘al-
ternative c. 1Individually, they cannot profitably obtain
alternative a. However, suppose they agree to both’'bid

‘insincerely lé%ge amounts for alternatlve as- . ,

- Result without Clarke
Yoter a  .b _c Yoter i . Tax o
1 -40 15 25 2020* -25 -1995 0
2 1020 0 -1020 (insincere) 960* =-10 -950; 0
3 -10 25 -15 1990* -35 -1955 O
4 -20 =15 3% - 2000* 5 =2005 O
6 1030 =35 =995 (insincere) 950* 25 -975 [N
1980* -10 -1970 ‘0

~

(*=winner)



Alternative a then wins, and our renegade Voters 2 and 5
pay no Clarke tax at all. What has happened, of course, is
that by both bidding large amounts, Voters 2 and 5 have as-
sured that alternative a will win by a larger margin than
either of their individual'bids. Since neither of their
indivigual bjds affect the outcome, no tax is paid.

While su¢h coalitional overbidding might work,it could
be very dangerous if several cdalitions tried it at once,
For instance, suppose Voters 1 and 4 tried the same tech-
nique to assure a win for.c over a} but were a little more 7
cautious: ¢

. \\ ) Result without Clarke
Yoter . ._a  .b ¢ Yoter i Iax -

1~ -940 15 925 (insincere) 1120* -25 -1095 _ 0
2 1020 0 -1020 (insincere) -840 *’-1 850* 1690
3 -0 25 -5 /- 190* -3% -155 0
4 -920 -15 935 (imsipcere) 1100*  5° -1105 0
5 1030 =35 °-995 (insincere) -850 25 825* 1675
180* -10 -170 » , 3365~
. v _ (*=winner) * ’ .

1
quers 2 and 5 have been caught and punished severely fbr
their insincerity. l ’

A simple modification which should be effective
agaigst coalitional manipulation would be to put'a reason-

-able ceiling on allowed bids. The ceiling could be high

enough not to interfere with®sincere bidding, but its
Presence would discourage extreme manipulative attempts,
It would require larger coalitions to manipulate the-out-
come_and increase the danger in 'such attempts,

‘Ergb.lem_l. - !
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Suppose that our voters are of different economic
circumstances, . Th¥s is probably the case in most decision
making sitvations, especially in envirbnmental decision
making, where the parties involved may be citizen organiza-
tions, municipalities and industries as well as individu-
als. 1In this case, one can adapt the Clarke tax idea‘to
weight different yo}#rs' bids differencly. Suppose, for
instance, that in-aMr example we wished to weight voter 2's
vote three times as heavily as the others':

. ] it}
a. b _c- Yoter i +« Clarke Tax

-40 15 25 60* -25 -35 .0
3x(20 0 -20) -40 -10 50* 30=.33(50-(-40))
Lo 25 -15 30* -35 5 0- o
=20 ~15 35 40* 5 -45 0 °
30 -35 _5 -10 25% -15 35=(25~(-10))
e,
#20*% <10 -10 65 , 4
. *=winner) ~
K
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We compute the weighted sum to see that altggnatlve arwins.
Withoyt Voter 2, alternative ¢ would have- beaten alterna- -
tive a by $90. This would correspond to $30 of Voter 25 )
bid, weighted thrice. Hence Voter 2's Clarke tax is §$30. °
This method of’ handling weighting preserves the

motivational incentives 6f the process,” ' :

In any particular situation, how we should weight bids
will be a delicate and controversial ,matter. The point
is, however, that we can weight votes just as well in this
preference reveallng prqcess as we can in any other pro-
cess.. -

Problem 4. W/ '

The preference revealing process should only be used
in situations where.we otherwise would not know voters'
preferences quantitatively. For instance, in the Dorfman-
Jacoby exampie we have used, it is assumed that we actually
‘have ‘cost-benefit figures évéilable for all participants.
In such a case we do not need a'preference revealing pro-
cess, and the question of decision making using intensities
of preferences boils. down to the "weighting" problem. b
However, even in“the Dorfman-Jaggby context there are two
factors which might make the preference revealing process
useful. The first is that Dorfman and Jacoby -quantify -
ibenefits of pollution control, in a fairly standard but
unconvincing way, as user-days gained at recreational
facilities. If we distrust such indirect quantification,

we may wish to have people'reveal perceived-benefits
directly using-.a preference revealing process. Secondly,
Dorfman ‘and Jacoby also assume that the.cost of pollution
control, for instance at the Cannery, is Known. rIn <,
Wisconsin, anyway, it has proved very difficult to ?btaln
reliable p6llution control cost figures frem industry.
Heré, again, direct preference revelation may hold the key.

¢ 3

1.7 Conciysions . . .
° - .

-~

The, question ©f how to‘take ihteﬁsities of preferehces
into accoun§ in collective decdision making has traditional-
ly proved to be very difficult.’ One _problem has been the”
difficulty of mbdasuring intensity of preference 'in a mean-

~ ingful way - the problem of defining and m2asuring cardinal
utility. A second fundamental problem 18 tﬁe problem of
inter-pérsonal ‘comparison of ubtility. .- by

‘_ The two techniques we have discussed in ‘this Chapter
are recent suggestlons for dealiné with this question.
Appraval voting gives voters a chance to communicate at
least limited information aboiit the relative 1ntensy€”‘§\9f
their preferences for different dlternatives, according to
and "not- ap-

proving". One great advantage of approval voting is its.

- ©
-
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>, simpIi€ity - it is easy to implement, and easily understood .
by voters.: I believe it is the appropriate voting form . for .
s a largemnumber of decision making situatiors. -l
' . Voting by bid allows voters -to communicat% exact in-
formation abdut the relative intensities of their prefer- ) P)
ences among alternatives, and alsd to give _the absolute - ’
ifkensity of their preferences in termsjof “the (assumed)
universal standard of money. The problem here is one of ..
enforcing hOnesty We Kave seen.that .collecting the bids ~
_ for the winning alternative will not enforce honesty. The
recently discovered preference revealing prpcess of the
Clarke tax does enforce honesty and hence represents -a
major oretical breakthrbugh. Whether this theoretical
break ugh can be widely applied in ‘real decision making
situations remains to be seen. The objections discussed in
- Section 6 do.hot seem insurmountable. The major problem s
may be- theis’phistication required of voters: the method.
. would seem.to be most applicable to decision making:by
fairly small groups of intelligent and highly cqncerned
voters. In that context, I believe that the Clarke tax,
and the related Vickrey bidding scheme, are, exciting ideas
withpromise for the future. . . -

) . - ¥ PROBLEMS o ) ' ‘
1) The results‘of approval voting will depend on how many

. alternatives each veter decides to vote for, i.e. 'ap~
prove. of.* In the Dorfman~Jacoby example as analyzed

L bn page 49, alternative #11 was the winner. Find which
* alternative is the winner under the following kinds of '
voter behaviors: . .
a) B-votes for.its top two choices, P and C vote for .
A » . their top choice, W for its fop three choices.

~

b) B;.P and C vate fo only their top choice, W for
. its top four choicés /
¢). B, P_and W.vote for.only their top choice, C for

A4
s,

. . its top three choices. - .
ol > d) B votes for its top four choices, P and C only for - -
. their top choice,.W for its top three choices. .

2) The resuits of' exercise l. raise pogsibi;ities of stra- .
, tegic behavior. on the part of voters, where each voter .
may wigh to consider what th¢ other voters will do. °
Suppose that it is known that C ‘and Bywill vote only
. for their top choice, and voters beljieve- tHat B is , “
" ‘.planning to vote for 8, 9 and W is planning to yote for ,
- —11, 9, 13, 8. -
a) What will be the- ‘outcome if voters follow these
‘strategies? , 7 o '//\,
. @ b) -Show that B would be tempted to.vote for, (ﬁlly 8. :

Y

ey « .
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' 9, 13, .

L . outcome be?

'

Show *that W would be tempted to vote for only 11,
d) If bothWPand W yield to temptation, what will the

e) Assume that in the event of a tie ;ote, the even-

\ tual winner will be selected at random from among
those alternatives with the highest vote total.
Use the cardinal utilities ag given ‘on page ,50 to

"~ .show_that B and W would both be worse off if they '

! b both yield‘to temptations While C and P would both
. bé better off.
3)° Verify that Borda count and the Black and Cgpeland

methods would all groduce a three-way tie in the exam- ’

ple on page 51.

]
N 4) Supp;p@'gﬁat four voters' honest bids for three‘alter-
- nggiyes are ' , .
~a_ b <. ¢
- Voten 1 35 -1¢0 -25 . '
. Voter 2. - e 20 " -20 - ¢
,> , Voter 3 ‘. -25 15 30 ! ) .
Voter 4 -10  -15 25~ :
° . Find which alternative wins and calculate the Clarke
i P tax pa;d by each voter.
. 5) Supposg that Voter 1, who prefers a to b, decides to

- v . ensure the selection of alternative a by submitting
dishonest bids of 135, -60, -75. Verify that this .
*,-dishonesty does produce a win for a. Calculate the

Is it worth this much to

e Clar&e tax Voter 1 will pay.
' Voter 1 to have.a instead of b?

* 6)_ In fact, both voters ! and 4 prefer a to b. Show how
) they might agree to bid dishonestly to obtain alter~
. native a without payihg any Clarke tax, assuming that
votérs 2 and 3 bid honestly.
'« . DBIBLIQGRAPHIC NOTES g

. -

The subject of cardinal utilities hes a vast litera- .
_ture, to .which®one fairly recent guide is [7]. . )
Approval voting is-a subject of curgent ifterest to

*political scientists.

Properties of approval votihg are

, analyzed in [2], [3], {11} and [18].

A proposal to use

_ﬁyr N,p,<approval_vOtIh9 in_Presidential primaries can be found in,
= " [10). Eor a recent discussion of approyal voting compared

ol

:~‘ ’ to various goting Systems 'in Chapter Two, see Sampel

*Merrill, "Decision Analysis for Multicandjdate Vot

ing)

Systefis, " UMAP Module #384,
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The voting Py bid scheme of Section 3.3 has recently
been analyzed mathematically in [6].

. Preference revealing (or 'demaMd revealing' or 'incen-
tive cempatible') processes are the subject of active cur-
rent re rch. The special issue of Pyblic Choice {14] con~
taihs irteen papers on the subject, some of them address-—,
ing spec1f1ca11y questionse of 1mp1ementab111ty. It also
has a good historical 1ntroduct10n by Tideman and sa bibli-
ography. Downing and Tideman in [5] attempt to apply a
demand revealling process Specifically to pollution control

.problems. A discussion of’the'Clarke tax and some other
interesting propdsalsis in [13].
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C1ya) 321 2311 Ay a1y
. 3120 1321 1231 1223
.. 3112 1312 1132 1123 - ]
3) a). AB,AC, [2:1,1,1]  (1/3,1/3,1/3,0)
b) AB,AC,AD,BCD [3:;2,1,1,1]} (1/2,1/6,1/6,1/6)
c) AB,AC,BCD [5:3,2,2,1] (5/12,3/12,3/12,1/12) .
d) AB,ACD,BCD - [4:2,2,1,1] (1/3,1/3,1/6,1/6) = :
The moral here is that seemingly small changes can make
~  large changes in power.
. 4) No, by examining Table 1.l. s,
) 31111 +13111 11311 1331 11113 . T
- ) > ° ¢ x
,'6) a) 10/16 b) 10/16 c) 9/16 d) 7/16
N ¢ ' Wt T ———
8) a) E.g. for [6;4'4’]:'1qu,$ . .
44111 41411 41141 41114 14311 .
] 14141 _ 14114 11441 11414 11144 R |
The 4's pivot 6/10 of the time, so gach 4 has 3/1D or
30% df the power. .
,xé) o T, + T ~T_, - P . . G
Power of Il-bloc®=s 7 62,1. 4 5‘ : ’
t ‘. o 16 . . . ' ‘
? < o . v
L N 28.#21 - 0-0 -
=TT 212 . )
N P > . . b
. » = .180 0 PR
which is lower than 11/40 7 .275. v coo
- Y p L+ Ty -T,.- T
Power'of 14-bloc = 10 gT - 4 3
. . .. 16
o . . 55+45-0-0 ~ N
N .’ S 272
~ .7 - = .368 T X
: which is slightly higher than 14/40 = .350. i
10) ) . To. o.."
. 0.2 X
.. Ly .
B o
» 3
Y
: - 5 X 0 )
]
65 N - ‘ v )
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11) AAABB  AABAB AABBA ABAAB ABABA
ABBAA  BAAAB BAABA BABAA  .BBAAA p

The A's pivot 8/10 of the time, so each A has’8/30 of
the power. The B's pivot 2/10 of the time, so each ‘B
has 1/10 of the power.

“12)°15.03, 105675 . —t

~n . . 4

15) An A pivots if the middle B.Eiecedes the middle A, and
@ B pivots if the middle A precedes the-middle B, 1f
one of these conditions hoids for 2 given ordering, the
other condition hplds .for the feversed ‘ordering (i.e.
the original ordering read backﬁéqﬂs). Hence ‘the or-
derings ﬁéir of'f,”and there are ekactly as many

. - orderings in which an a pivots as orderings in which a

. B pivots. -

A

i

e v -

‘a

16) There are [g] = 56 orderings. Aan A pivots if it is

preceded by one other A and 4 or 5 B's, This happens
in 16 ways., The power of an A is 2/21, and the power
of ,a B is 3/21, for a ratio of 2:3.

- » '
17) There are 504 orderings, P pivots in 192, an S in 162,
an H in 150. The power indices are P: .38 s: .07
H: .060 .

L]
- L]

1) If evegy voter preflegs’x to ¥, vy will never be in first
- place, and will get o0 plurality votes,

2} The oBly éossible-effect of a change of preference in
. favor of x would be to possibly increase x's plurality
vote and lower that of some other candidate (this would
happen if the change moved x into first place),
3) * Yes. 8 . ,

-

4) For the\pondoréet loser criterion, note that if Y loses
all-pairwise contests, then it is ranked below each
other alternative more than’it is ranked above it, so

e qhat it must have below average Borda cqQunt, and cannot
have the highest Borda count, .

’ t

. :“6) Pareto: If all voters raftk x- higher thap y, then x
i * beats y in a pairwise contest, so if theré is.a
v Condorcet winner, it cannot be Y. If there is no .
' Condorcet winner, x has a'highét Borda count than y, so _ s
* ¥y can't be the Borda winner ‘éither, ' ) Lo
Monotonicity: \Moving x up in some preference orderings ’
can't cause it to lose pairwiseacontests it won before, .

- . @

80 if it was a Condorcet winner, it still is. If there

rome oo en g * - . .- .-
Lo . . o
' . o
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wasn't a3 Condorcet winner and x was the Borda winner,
moving x up can't make any other alternative a
Condorcet winner, and can only increase x's Borda count
while possibly lowering those of other alternatives,

pPareto: If x always ranRs higher than y, then x beats
Yy in pairwise contest and whenever y beats z, x also
beats z. Thus x has a higher Copeland score than y.
Smith: Every alternative in A beats more alternatives
than -every alternative in B, and loses t¢ fewer, so has
a higher Copeland score.

Sequential: 8 or 9 or 11 or 13 or 9-13
Plurality: 8
Rupoff: 8
Hare: 8
Coombs: “8
Borda: 13
Black: 13
Nanson: 13
Copeland: 8

The possible sequential outcome of 13 wouldebé worse
for B than the tie between 11 and 13 when B had only
two votes. Same for the Nanson outcome, ,

15:4.2,2,1) (5:3,2,2. 10 14:2,2,1.31 13:1.1.1.11-
Sequential a,b,c,d a,b,d,cd a,b,d,cd a,b,d,cd
Plurality a .ad ) abcd
Runoff ‘ abéd
Hare abcd
Coombs . ) d
Borda ad
Black ’ ad
Nanson . . - ' a
Cobeland ab ad ad

‘

Sequential: E:xaméle 1 with order b-a-c-d. Eliminate c.
Plurality: Example 2, eliminate b

Runoff and Hare: Example 4, eliminate b

Coombs : Example Szdkliminate b

Borda: Exapple 7, eliminate ¢ *

Black: Exadble 8, eliminate w, then z

Nanson: Example 10, eliminate b

Copeland: . Example 1, eliminate ¢

»

2

'a) The Pareto and'mopotonigity criteria are satisfied

. because the rule depends entirely on the results
of pairwisercontests. For.Smith, note that no- .
thing in B can beat anything in A in one or two P

(or any number of) steps. . .
abc. ' ) »

' '6;,‘75
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Chapter Three e . s
1) a) Vote to:;!g .are (2,3,1, i 2) and alternative #9 ** "
wins, Remember B and P have two votes each,»wh;;e n
‘ C and W have only one.) , °
b) (3,1,1,2,2) #8 wins L
c) (2,0,2,1,3)" #14 wins ) .
(2,3,3,4,2) #13 wins! *° v
N . © ... - <
2) a) (3,3,1,2,2) #8 nd #9 would tie. Vv
b) If B voted for only #8, the.result would®e (3,1,1,,
2,2) and- #8 would win, B would prefer this to, the
tie between #8 and 49,
¢) The result would be (2,3,1,2,2) with #9 w1nulng, )

N

which W would prefer to the tie,

d) The result would be (2,141,2,2), a ti& among 8,13,
14, S
+ ) Under the glven assumption about t1e-break1ng, B

and W would prefer 8-9 to 8- -13-14, while P and C
would prefer .8-13-14 to 8-9,

» .

3) . The Borda count would give 5,%,5. Since in pairwise
contests b beats a, a ants c, and c beats b, there is
+no Condorcet winner and Black's method feduces td a
Borda count, Copeland gives 1-1=0 for all .three al-

+ ternatives, .
4) — Result without -
Yoter 4 _b <. voter i «+ Clarke Tax
1 35 -10 =25 -35 20* 15 0
2 o 20 -20 0 -0 - 10* 10-(10)=20
3 -25 15 10  25% -5 =20 - 25-(-5)=30
4 220 =15 5 10 ° 25% -35 0
. 0 10t -0 ‘ ;
X N .y
5) Result without * | . k
i b < yoter i -~ Clarke Tax
138 -60 -75 -35 20* 15  20-(35)=55 .
-0 20 =20 100* -60 —40 0
=25 15 10 125% -55 =70 0 -
=10 =15 = 25 110* -25 . -85 o, . .
100* -40 -60 L

The 55 Voter 1 pays 1n Clarke tax is larger thap the
35-(-10)=45 it is worth to him to have a instead of

- b, We know that this kind of dishonesty can newver ¥
paY. X . X ~ *» . >
r , . .-
L] - ‘ -
5 ) . i
. R ° o L -
By . , .
M A .o LA 5 -
X “ H . 7@ e . . e @
. . . * ?_ .
’ " - A\l * ¢ ~ >
Y * ’ .‘
68 . 4
v * . 4 ~ b4
. o . . -
S 8
. ) ! r
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.
135
0
=25
290
200*

. b

-60
20
15

=65

=90

<.
=75
-20

10
=23

=110~

yoter i

65*
200%
225*%
1l0*

-30 =35
-110 -90
=105 =120

=25 -85

.

»

This is one among many possibilities. Voters 1l and 4
must simply inflate their bids for a enough so that
either bid by itself would be enough to put a over the
top. ’




. . . . ) i
UMAP Monographs

UMAP monographs bring new,mathematics and fresh applica-

tions of mathematics to the uridengraduate student without delay

between the development of,an hea and its unplementatxon in
the undergraduate curriculum. .. ,

Already published:

SPATIAL MODELS OF ELECTION COMPETITION
Steven J. Brams

This analysis, with elementary mathematics, of the positiehs
taken by political candidates in a presidential election campaign ,
is addressed to students in analytically, oriented courses in politi-
cal science and to students in mathematics courses in which: .
appllcatmns are stressed. ) N
ELEMENTS OF THE THEORY OF M
GENERALIZED INVERSES FOR MATR!CES
. Randall E.Cliné o .
This is a concise introduction to the subject for undergraduate
mathematics majors. The specificinathematica) prerequisite isa
basic familiarity with matrix theory, as found in standard linear
°  algebra texts. '
INTRODUCTION TO POPULATION MODELING
James C. Frauenthal | ’
. This study presents formulation and solution of mathematical

-models on: dynamics of a single species, with particylar mterest
in the consequences of treating time*and population size in

N discrete and continuous terms; and the interaction of two or
more species. .
CONDITIONAL INDEPENDENCE IN , ;
APPLIED PROBABILITY
PaulE. Pfbiffer - °

This book develops and presents current professional applica-
tions of two concepts of conditional independence. The first usesn -
veryelementary probability theory to obtain quite important and
useful new results; the second is couched in terms of the impor-
tant notion of conditional expectation. The approach pgrovides
conceptual advamages for the modeler and insight into the han-
'dlmg of anumber of topics in probable inference and decision.

For information write to: 8 ‘ : '

T BIRKHAUSEB BOSTON, INC.- . " e

[ KC 380 Green Street, Cambridge, MA 02139 ISBN 3-7§4373017-.1
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